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Abstract 

The motion of a classical particle in a gravitational and a Yang-Mills field was 
described by S. Sternberg and A. Weinstein by a particular Hamiltonian system 
on a Poisson manifold known under the name of Sternberg- Weinstein phase space. 
This system leads to the generalization of the Lorentz equation of motion first 
discovered by Wong. 

The aim of this work is to show that inversely, a Hamiltonian _ff on a general 
Poisson manifold, with the property that its differential vanishes on a Lagrangian 
submanifold A of a symplectic leaf and is generic in any other direction, naturally 
defines a metric on A, as well as a principal connection form on a canonical prin- 
cipal fiber bundle on A. These fields, which are credited to model a gravitational 
and a Yang-Mills field on A, respectively, define a linearized Hamiltonian system 
of Wong type on a canonical linearized Poisson manifold at A locally isomorphic 
to a Sternberg- Weinstein phase space. In addition, H is shown to define scalar 
fields which first appeared in a theory of Einstein and Mayer. In the presence of 
a coisotropic constraint, the reduced system can be regarded as the phase space 
of particles in gravitational, Yang-Mills and Higgs fields. We further show that all 
our constructions are locally related to usual gauge and Kaluza-Klein theory via 
symplectic realization. 
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Introduction 

The purpose of the present work is to argue that classical Yang-Mills theory of ele- 
mentary particles emerges naturally from Hamiltonian dynamics on Poisson man- 
ifolds. This is mainly suggested by the fact that a special Poisson manifold, which 
goes under the name of Sternberg- Weinstein space and is obtained as the quotient 
of the cotangent bundle of a principal fiber bundle P ^ i? by the lifted action of 
the structure group, is known to be the universal phase space for classical particles 
moving in a gravitational and Yang-Mills field, modelled by a metric on B and a 
principal connection on P, respectively (' |27ll32j . see also The corresponding 

equations of motion where first discovered by Wong (12^1, see also jSHl)- 

On the other hand, it is shown here that to any generic Hamiltonian system on 
a Poisson manifold, there is a natural approximation with respect to a Lagrangian 
submanifold on which the differential of the Hamiltonian vanishes, which is locally 
equivalent to a Wong system on a Sternberg- Weinstein space. This relation between 
Poisson geometry and gauge theory is already apparent from the observation that 
Poisson manifolds are, in an important special case common in physics, locally 
isomorphic to a product of a cotangent bundle and the dual space of a finite 
dimensional semi-simple Lie algebra. 

We will proceed as follows. In section 1, we collect the needed results on 
the geometry of a Poisson manifold Z, reduction, linear approximation (cf |29| ) 
and the construction of Sternberg and Weinstein. Section 2 is dedicated to the 
study of the most important object making the link between Poisson geometry 
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and gauge theory, i.e., the Lie algebroid associated to every Poisson manifold, and 
in particular, its transitive restriction i5 to a symplectic leaf S C Z. The last allows 
to define the notion of an i?-connection form, which is intimately related to gauge 
fields. Similar results have earlier been obtained by Y. Vorobjev 30 . In section 3, 
we construct, for any Hamiltonian system defined by a generic Hamiltonian H on 
Z and any Lagrangian submanifold X C S such that dH\x = 0, a Poisson manifold 
Z', and a canonical Hamiltonian system defined by a Hamiltonian H'l on Z\ which 
can be considered as natural linear approximation of Z and i?, respectively, and 
in addition, is precisely determined by a metric and a Yang-Mills field on X, as for 
the system describing the Wong equations. 

Furthermore, we show that another canonical system on Z' can be seen as 
a natural quadratic approximation and is related to Einstein-Mayer theory. This 
system contains additional scalar fields, which are credited to introduce Higgs fields 
into the Poisson geometric model. However, in order to obtain interesting models, 
we have to constrain the construction to a coisotropic submanifold Q G Z. This is 
done in section 4, leading to results well-known from dimensional reduction (jSlEI)- 
Finally, we show in section 5 that our constructions can be locally related to usual 
gauge theoretic objects via the choice of a locally minimal symplectic realization 
p : W ^ U C Z oi Z. We recognize in this construction the spirit of Kaluza-Klein 
theory ([HITlini). 

Clearly, our construction raises the question whether it is possible to construct 
classical gauge theories involving non-linear Poisson structures. The Yang-Mills 
equations for such a theory should be similar to those of the Poisson sigma model 
of N. Ikeda (JSl) and Schaller-Strobl (jSEl)- We make some comments related 
to this question for Hamiltonians defined by a metric in the last chapter. Since 
the Lie algebras of usual gauge theories lead to linearizable Poisson structures, 
classical gauge theory turns out to be a generic setting in the Poisson geometric 
framework. Notice also that the results of this work should partly fit into the more 
general technical framework developed in for studying linearized dynamics near 
invariant isotropic submanifolds. Since our constructions are mostly elementary, 
we tried to avoid obvious explanations, and rather to give a natural and hopefully 
useful presentation of the results. 

General Notation 

For any manifold M, we call tm : TM M and ttm ■ T*M -> M the tangent and 
cotangent projection, respectively. The exterior algebra and contravariant exterior 
algebra of Af are denoted by n{M) := ®^™^rj'=(M) and X(M) := ®^™*^X'=(M), 
respectively, with 17'= (Af) := T{a''T*M) and X'=(A/) T{a''TM),0 < fc < dim M. 
The exterior derivation on n{M) and the Schouten-Nijenhuis bracket on X(Af) are 
denoted by d and [■,■]. If / : Af — > Af is a map, then the usual push- forward and 
pull-back induced by the tangent and cotangent maps Tf and T* f (if defined) are 
denoted by /, : X(Af) X(Af) and /* : n{M) -> n{M). The contraction and Lie 
derivative with respect to a vector field X are denoted by ix and hx, respectively. 

For any fiber bundle p : E ^ M over Af , T{E) denotes the global sections of 
E, and VE the vertical tangent bundle oi E. li p : E ~^ M is another fiber bundle 
and Af = Af , then the product bundle of E and E over Af is denoted hy E Xm E, 
and we write (j)ri,pr2) : E Xm E — > E x E for the component projections. If 
f? is a vector bundle, the dual bundle is denoted by E* , and the dual of a linear 
bundle map (f) : E ^ E over / : Af ^ Af by (/>* : £'*|/(m) E* . This is consistent 
with the pull-back since (jfs — (t>*s — (p* o s o f if s £ C°°{E) denotes the fiber- 
linear function defined by a section s G T[E*). If Af = Af , we denote E (Bm E 
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the Whitney sum, and E ®m E the fiberwise tensor product of E and E. For 
q G T{E (g)M E) and a G T{E* ®m E*), we denote : E* ^ E and : E ^ E* 
the corresponding bundle morphisms. For a principal fiber bundle P — > M, the 
associated fiber bundle to P with standard fiber F will be denoted by F{P). 

1 Fundamental results on Poisson manifolds 

Definition 1.1 A C°°-manifold Z is called a Poisson manifold if C°°(Z) is en- 
dowed with the structure of a Poisson algebra, that is, a Lie algebra structure 

{•,•}: C°°(Z) X C°°(Z) ^ C°°(Z) (f.l) 

satisfying the Leibnitz identity, i.e., such that for all h G C°°{Z), {•, ft.} is a deriva- 
tion of the associative algebra C°°{Z). The map (|f is called the Poisson bracket. 

1.1 General structure theory and reduction 

Theorem 1.2 (^18t) A Poisson manifold determines, and is given by, a pair 
(Z,w) consisting of a -manifold Z and a bivector-field w G X^(Z) inducing 
a bundle morphism ; T* Z TZ, if one defines {•, •} for all f,g^ C°°{Z) by 

{f,g} ^ w{df,dg) ^ Xg ■ f ^ -Xf ■ g, where Xf^w^odf, 

and if one of the following conditions, both equivalent to the Jacobi identity, holds: 

[w,w]={) X^j^gy = -[Xf,Xg] yf,geC^{Z). 

The image of is a completely integrable general distribution on Z , that is, 
through each point x G Z , there exists a maximal integral manifold such that 
Tx{Sx) = ^'^{T^x^)j '^'^^ S — ^xi^zSx is a generalized foliation of Z. Furthermore, 
the Poisson structure induces symplectic structures on the leaves of S. 

Definition 1.3 k field w G X'^{Z) with [ w,!;;] = is called Poisson structure, 
and — is called the anchor map. li w = —[w, T] for some T G X^{Z), it is called 
exact. ^/ is called the Hamiltonian vector field generated by the Hamiltonian 
f . The triple {Z, w, f) is called a Hamiltonian system on Z. The subspace of 
Hamiltonian vector fields is denoted by ^am(Z). The leaves of iS are called the 
symplectic leaves of Z, and S and TS are called the symplectic foliation and the 
symplectic distribution of Z, respectively. A Poisson manifold Z is called regular 
(symplectic) if its symplectic distribution has constant (maximal) rank. If Z is 
symplectic, then cu G r2^(Z) defined by 

VXeX^iZ) ixui = uj^oX, where J = {w^y^ : TZ ^ T* Z, 

is a symplectic form on Z, i.e., keicj^ = = dio, and ixf^ = df for all / G C°°{Z). 

Definition I.4 A map : {Zi,wi) (^2,^2) between two Poisson manifolds is 
called Poisson map (or morphism) if (f>* is an morphism of Poisson algebras, i.e., 
if for aU f,geC^iZ2), 

{07,'/'*.9}i = 0*{/,.9}2. (1.2) 

If is a diffeomorphism, then (j)^^ is obviously a Poisson morphism, too, and (j) is 
called Poisson isomorphism or equivalence. Two Hamiltonian systems {Zi,Wi, fi), 
i = 1,2 are called (j)-related or equivalent if in addition, (j)^Xf-^ — Xf^- A vector 
field X on a Poisson manifold {Z, w) will be called Poisson vector field iff Lxw = 0. 



4 



Proposition 1 . 5 The condition J^l.'^) is equivalent to all of the conditions 

4>*wi = W2 <^ 4>*X^,f = Xf ^ {wl)4,[z) = Tz4> o {w\)y^ ° {Tz(t>)* (1-3) 

for all f G C°^{Z2), z G Zi. Furthermore, the local group of diffeomorphisms 
defined by a Poisson vector field acts by Poisson automorphisms. 

Proposition 1.6 Let (f> : {Zi,wi) — > {Z2,W2) and : [Z^^w^) — > (ZsjWa) be 
maps of Poisson manifolds. If (f> and ij) are Poisson, so is ipocf). If (p is a surjective 
Poisson mapping, and if ^oip is Poisson, then ip is Poisson, too. Furthermore, the 
Poisson vector fields form a subalgebra ofX^{Z), containing S)am{Z) as an ideal. 

Definition 1.7 Let {Z,w) be a Poisson manifold. An embedded submanifold 
i^ : Z ^ Z is called a Poisson submanifold if there exists a Poisson structure w 
on Z such that is a Poisson mapping. If it exists, w is unique. 

Proposition 1.8 Let [Zi,wi) be a Poisson manifold, and let (j) : [Zi,wi) —>■ Z^ 
be a surjective mapping. There exists a Poisson structure W2 on Z2 for which (p is 
a Poisson map iff for all f,g € C°°{Z2), {(}>* f , (j)* g} is constant on the fibers of (j). 
In addition, W2 is uniquely defined. We say that it is coinduced by (p. 

Definition 1.9 Let (Z, w) be a Poisson manifold. A surjective submersive Poisson 
map p : W ^ Z from a symplectic manifold {W,lo), endowed with its canonical 
Poisson structure denoted by oj^^, to Z is called a symplectic realization of {Z,w). 

Theorem 1.10 (^[TlllSj) Every Poisson manifold has a symplectic realization. 

Proposition 1.11 Let {W,lj) be a symplectic manifold, and let the (associative) 
subalgebra ^ of C°°{W) consist of the functions constant along the leaves of a 
foliation J- on W such that the quotient W/J- is a manifold. Then ^ is a Poisson 
subalgebra and thus, the natural projection p : W W/T coinduces a unique 
Poisson structure, iff the symplectically orthogonal subbundle TJ-^ is involutive. 
In this case, this subbundle is integrable and defines a foliation and a subalgebra 
. If it exists as a manifold, there is a unique coinduced Poisson structure on 
quotient WjT^ . Consequently, W is simultaneously a symplectic realization of 
WjT and WjT^. 

Definition 1.12 Two Poisson manifolds {Z,w) and {Z±,w±) will be said to be 
dual to each other, or to form a dual pair, if they are realized by the same sym- 
plectic manifold {W,ijj), and the tangent spaces to the fibers of two realization 
mappings are symplectic orthogonal complements at each point in W . Then, the 
corresponding subalgebras and ^J"*" are called polar to each other. 

Lemma 1.13 Let Z^ 'i^ W ^ Z be a dual pair. For each point z E Z , each 
connected component of p^^{z) maps under p± to a symplectic leaf in Z±, and vice 
versa. This gives a locally bijective correspondence between the symplectic leaves of 
Z and Z±_ . If p and pi_ have connected fibers, then this correspondence is bijective. 

Theorem I.I4 Let Z^ 'i^ W Z be a dual pair. For each w £ W , the trans- 
verse Poisson structures on Z and Z± at p{w) and p±{w) are anti- isomorphic. If 
dimZ > dimZj^, then Z is locally anti- isomorphic to the product of Z± with a 
symplectic manifold. 
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Definition 1.15 Let p : W ^ Z he a. symplectic realization. The elements of 
the center ^{C°°{Z))) are called Casimir functions, and we set 3 := P*5{C°°{Z)). 
The subalgebra of C°°{W) consisting of functions whose Hamiltonian vector fields 
is projectable to a Hamiltonian vector field on Z will be called protectable Hamil- 
tonians and denoted by ^^{J-'). 

Lemma 1.16 Let Z±_ 1^ W Z be a dual pair, and denote T , and ^, 
ij"*" the corresponding orthogonal foliations and dual function groups. We have 
p* ■.C^iZ)^d^ 3c~(w)(^^) and pl : C^{Z^) ^ = 3c~(w)(^), and 

3(C°°(Z)) = 3 = 5m =dn:s^= 3(y^) = 3{C°^{z±)), (1.4) 

denoting by 3 and 3c°°(iv) center and the centralizer in C°°{W), respectively. 
Furthermore, let K G *pf)(^) be such that p^Xjf = Xu for some H G C°°{Z). 
Then, there are decompositions 

K = p*H + pIH^ XK = Xp,H+Xp.^H^ (1.5) 

for some H± G C°°{Zj_). In addition, the decomposition of Xk is unique, while 
the decomposition of K is unique up an element of 5- This yields exact sequences 

O^d^ ^ «p[}(.F) ^/3 = SjamiZ) 

^ ^ ^ W^) ^?^/3 = ^am{Z^) , 

and isomorphisms f)am{Z) = *pt)/3'^ and S)am(Z±) = ^i)/^, with *pt) =5 + 5^- 

Proof: The first part follows from the fact TT-^ = (TT)^. For the second, we 
define H± G C°°(VF) by H± = K - p*H. By assumption, p*Xfy^ = 0, and thus, 

3c=°(iv)(-S) = -S^ 3 = P*±H± for some H± G C°°{Z±). The symmetry between 
J- and J-'^ implies p^^^Xk = Xh^ ■ Furthermore, Xh and Xh± define H and H± 
up to an element of 3(C°°(Z)) and 3(C°°(Zx)), respectively. Thus, (|1.4|l implies 
that the decomposition of K in l|1.5|) is unique up to an element of 3- D 

Definition 1.17 A Lie algebroid over a manifold X is a (real) vector bundle 
E over X together with a map p : E ^ TX and a (real) Lie algebra structure 
[•, ■]e on T{E) such that the induced map T{p) : r(i?) — > X^{X) is a Lie algebra 
homomorphism, and such that the following Leibnitz identity holds for / G C°°(X), 
Vi,V2 G T{E): 

[Vi,fV2]E - (p(Vi) • /)V2 + /[Vi, ValB. 
If p is surjective, the Lie algebroid is called transitive. 

Proposition 1.18 The dual bundle E* of a Lie algebroid E —>■ X carries a natural 
Poisson structure completely determined by [•, ■]e and p. 

Proposition 1.19 Let {Z,w) be a Poisson manifold. Then, there exists a unique 
'R-bilinear, skew- symmetric operation {•, •} : n^(Z) x n^{Z) rt^{Z) such that 

{df,dg} ^ d{f,g} Vf,geC°-{Z) 

{a,//?} = f{a,p}-{w»oa){f)p yfeC^iZ),a,f3en\Z). (1.6) 

This operation is given by the general formulas 

{a,/3} = L^^,tafja-'Lu,»oaf3 - dw{a,f3) 
— iw»of3da - i^iaadP + dw{a, P). 
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Furthermore, it provides n^{Z) with a Lie algebra structure such that w'^o is a Lie 
algebra anti-homomorphism, i.e. 

o {a,(3} = -[w^ oa,w^ o /]]. (1.7) 

Corollary 1.20 (J^, The triple {T*Z, -w', {•, •}) is a Lie algebroid over Z. Con- 
sequently, the tangent bundle TZ carries a natural Poisson structure completely 
determined by the relations i|_?.6)) . 

Definition 1.21 This structure is called the tangent Poisson structure on TZ, 
while {T* Z, — w", {•, •}) is called the tangent Lie algebroid (see ^). 

Poisson reduction. Poisson structures can also be coinduced by a reduction 
procedure. 

Proposition 1.22 Let Q be a submanifold of the Poisson manifold {Z,w) such 
that N{Q) :— w'^{{TQ)^) CiTQ is a distribution of constant dimension along Q. 
Then N{Q) is differentiate and involutive. Furthermore, if N((3) is transversal 
to the symplectic leaves of S{Z), then N((5) is a sub- distribution ofTS{Z) HTQ, 
which is transversally symplectic along each leaf of the latter. 

Proposition 1.23 Let Q is a submanifold such that H{Q) satisfies the hypothe- 
sises of vrovosition T1.2'A Lf the integral foliation C{Q) of N((5) is given by the 
fibers of a submersion (f> : Q Z , then TS{Z) H TQ projects to a distribution 
whose integral manifolds form a symplectic foliation 4>{S) of Z which is the sym- 
plectic foliation of a well-defined Poisson structure w on Z . 

Definition 1.24 The distribution N(Q) and its integral foliation C{Q) are called 
the sub- characteristic distribution and the sub- characteristic foliation of Q, respec- 
tively. The Poisson structure w is called the (leafwise) reduction of w via Q. 

Definition 1.25 A submanifold Q of a Poisson manifold {Z, w) is called coisotropic 
if w\(TQ)° = 0, or, equivalently, w^{{TQ)^) C TQ. The functions in the subspaces 
£q = {/ G C°°{Z)\f\Q = 0} and *nc°°(z)(C^Q) are called constraints smA admissible 
functions, respectively. Here, *n denotes the idealizer subalgebra. 

Proposition 1.26 Let Q be a locally closed submanifold of a Poisson manifold 
{Z,w). Then, Q is coisotropic iff one of the following equivalent conditions is 
satisfied: (i) V/ £ Cg the Hamiltonian vector field Xflq it tangent to Q; (ii) 
{£q,£q} C £q, that is, £q is a subalgebra. Ln this case, the first assumption of 
proposition \1.2<H is satisfied. 

Proposition 1.27 Suppose that Q is locally closed and coisotropic. We have 
C°^{Z)I^Q = C°°(Q), the projection being given by i*Q. If the reduced manifold 

Z = Q/C{Q) exists, we have a canonical identification 

C^{Z)^^c^^z){<iQ)/<LQ. 

The functions in ^nc<=°(z) (Cq) '""e precisely those which are constant along the 
leaves ofC{Q), and whose Hamiltonian vector fields are tangent to Q. Ln particular, 
Q is a Poisson submanifold manifold iff £g is an ideal. 
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Local structure. In local coordinates {x^,i — 1, . . . ,m = dimZ), the Poisson 
structure is determined by the component functions w'^ = {x^ , x^} of w, which are 
called structure functions. The Jacobi identity [Wjw] =0 reads 

udw"^^ udw^^ u.dw^^ 
ax' ox'- ox' 

Theorem 1.28 (Splitting theorem (32) Let {Z,w) he a Poisson manifold, 
z ^ Z and the rank of Wz he 2h. Then z has an open neighborhood U in Z such 
that {U,w\u) is Poisson equivalent hy a mapping sp to a product V x N, where V 
is a 2h- dimensional symplectic manifold, and N is a Poisson manifold of rank 
at sp{z). Moreover, the factors V and N are unique up to local equivalence. 

There is a distinguished candidate for the symplectic factor V given by the 
intersection of U with the symplectic leaf Sx d Z passing through x, and we 
will always identify V with this natural representative. One can show that the 
intersection of U (restricted if necessary) with every submanifold of Z which is 
transverse to the symplectic leaf Sx at x has an induced Poisson structure which 
realizes the Poisson structure of N , called the transverse structure to the symplectic 
leave Sx at x, but their is in general no natural representative. 

Corollary 1.29 On a Poisson manifold {Z,w), any point x Cz Z has a coordinate 
neighborhood with Darboux coordinates {x^,p^, ra), fi — 1, . . . ,m — ^rk{wx) and 
a = 1, . . . . n = dim Z — 2m, centered at x, such that 

d 9 1,,, 9 d , r / \ 

w=^—A- h -Wab(ra)jT^ A — and Wab{ra) ^ w^^{ra)rc, 

Oxf^ Op^ 2 ora orb 

i.e., satisfying the following fundamental Poisson bracket relations 

{x^^x^j^O {p^,p,}^0 {a:^p4 = <5^; 
{x'',ra} = {p^,ra} = {ra,rb} = w^f,i'>'a)rc- 

Theorem 1.30 Any point z of a Poisson manifold {Z,w) has an open neighbor- 
hood U such that {U, w\u) is realizable by a symplectic manifold of (locally minimal) 
dimension dmin = 2(dimZ — (l/2)rk(u)z)). 

Theorem 1 . 31 Let pi : Wi — > Z and p2 ■ W2 Z he symplectic realizations of a 
Poisson manifold Z. Then, for all z G Z and for all Wk G Wk such that pk{wk) ~ z 
(k—1,2), there are neighborhoods U 3 z,Uk 3 Wk, symplectic realizations p'^ : 
U'j. {U,w\u), symplectic embeddings ik '■ U'^. ^ Uk and a symplectomorphism 
i : U[ ^ U2 such that p'^ = pk o ik and p\ — p'2 o i. In particular, if the Wk have 
both dimension dmin, then Ui and U2 are symplectomorphic. 

Let us consider a fixed Poisson manifold {Z, zu), and for a fixed point zq e Z, let 
p : {W, (jj) — > ([/, 137) C {Z, w) (omitting the restriction) be a symplectic realization 
of dimension dmin of an open neighborhood U 3 zq. The fibers of p define the 
foliation which we will suppose to have connected leaves. Equally, we assume 
that the dual foliation JF-*- has connected leaves, and is such that the image of the 
quotient map X : W ^ W jT^ =: T is a manifold with coinduced Poisson structure 
V. Then, we get a dual pair 

(T,v)^{W,uj)^{U,w). (1.9) 
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Let S denote the symplectic leaf through zq. We set 

V:^SnU, V -.^ p-\V) and F -.^ p-\zQ), 

assuming again that these manifolds are connected. We shall say that our minimal 
local realization is split if in addition, U is such that the splitting theorem applies. 

Lemma 1.32 The manifold V is a coisotropic submanifold ofW, and the char- 
acteristic foliation is given by the fibers of the restricted projection 

p\y:V^V. (1.10) 

In particular, the fibers are isotropic submanifolds of W , and F is a Lagrangian 
submanifold of N — p^^{N) for any transverse submanifold N to V representing 
the transverse structure at zq. Furthermore, U can be chosen such that Hl.lUl) is a 
fiber bundle over V with standard fiber F. 

Proof: Since the assertions are local, let us suppose that our realization is split by 
a splitting map sp : U V x N, where N is an arbitrary transverse submanifold 
through Zq to V representing the transverse structure. Then, in 31 , p.542f., it is 
proven that V is coisotropic with characteristic foliation given by the fibers of p, 
which are thus isotropic. It is also shown that the restriction p\j^ : N ^ N is a, 
symplectic realization of N of minimal dimension at zq, and repeating the argument 
for the special case V = {zq}, we see that F is Lagrangian in N. Furthermore, 
since the sp is Poisson, we know that sp^^ o {Idy, pljy) • V x N L/isa realization 
of minimal dimension. After restricting U and W, theorem ll .311 implies that there 
is a symplectomorphism sjj : W ^ V x N such that p — sp^^ o (Idv,p\]y) ° sp- 
The restriction of sp to F yields a diffeomorphism sp\y : V ^ V x F , that is, a 
trivialization of the bundle V with standard fiber F. □ 

Lemma 1.33 For all wi,W2 G V, we have X{wi) = X{w2) =■ la G T. Further- 
more, rkifjV = 0, that is, Iq is a symplectic leaf, and T is it's own transverse 
structure at Iq. 

Proof: Let w ^ F, and set Iq :— X{w). Because of theorem II .141 the transverse 
Poisson structure of T at Iq is anti-isomorphic to any transverse manifold N to 
V representing the transverse structure of Z at zq. But since dimVF = dmin, 
we have dimT = dimVF — dimJ-^ = dim J-" — dimW^ — dimZ = 2(dimZ — 
{l/2)vVz„Z) — dimZ = dimA^, and thus, T coincides with its transverse structure 
and is of rank zero at Iq. Thus, Iq is a symplectic leaf, and lemma FLIHI implies 
\-^{Iq) = P-\V) = V. □ 

1.2 Linearized Poisson structures and moment maps 

For canonical coordinates centered at zq £ Z adapted to a splitting sp, the functions 
Wab are the structure functions of the transverse structure at zq which is of rank 
zero at uq = pr2 o sp{zq). We can Taylor expand these functions at uq, obtaining 

Wab = <6(r-a)rc = ^fc^c + 0{r^) where = <b(0). (1.11) 

From the coordinate expression (|1.8|l of the Jacobi identity, it is easy to show 
that the truncated functions w'^^^ — c^b'^c also define a Poisson structure, and that 
the Jacobi identify means that the c^j^ are the structure constants of a dimA'^- 
dimensional Lie algebra g. Conversely, if g is any finite-dimensional Lie algebra, 
then the Lie bracket generates a Poisson structure on the dual vector space g*. 
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Lemma 1.34 The Poisson bracket on the dual g* of a given finite dimensional 
Lie algebra (g, [•, •]) is given for all f,g £ C°°(0*) by 

{f,g}{l)^{l,[dif,dig]) where dif .dig £ {TiQ*)* ^ q V? G g*. 

Definition 1.35 The canonical Poisson structures on the duals of a finite dimen- 
sional Lie algebras are called linear or Lie-Poisson structures. The Poisson bracket 
defined in lemma Fl. 341 is called the Kirillov-Kostant-Souriau bracket on g*. The 
Poisson structure defined by the is called the linearized Poisson structure or 
linear approximation of Wat at zq. The associated Lie algebra is called the trans- 
verse Lie algebra at zq. 

Lemma 1.36 The transverse Lie algebra is intrinsically identified with the an- 
nihilator subspace {Tz„Sza)'^ = {Tz„Z/TzgS)* in T*^Z to the symplectic leaf Szq 
through zq, endowed with a bracket well-defined for a,/3 S {Tz„Szq)'^ by setting 

[a, (3] = d{f,g}zo, 

where f,g £ C°°{Z) are any functions such that dfz„ — a and dgzg — p. Conse- 
quently, the linearized Poisson structure is naturally defined on the normal space 
NSzQ = TzgZ/TzaS to the leaf 

Definition 1.37 The transverse structure is called linearizable at zq there is a 
neighborhood of zq in a representative of N which is Poisson equivalent to the 
linearized Poisson structure at zq . This is equivalent to the existence of canonical 
coordinates (r^) such that Wabifa) = c^fc^a for the structure constants c^^ of some 
finite-dimensional Lie algebra g. 

Theorem 1.38 (cf ^.'^,'^1) Let g be a semi-simple Lie algebra (of compact type 
or isomorphic to a semidirect product g^ x M, where g^ is semi-simple of com- 
pact type). Then all analytic or formal (C°°—) transverse structures with a given 
transverse Lie algebra g are linearizable by an analytic or formal (C°°-) change of 
coordinates, respectively. If g is of non-compact type and has real rank of at least 
2, this fails to be true in general. 

Let [Z, vj) be a Poisson manifold, and let g denote the transversal Lie algebra 

at a point zq G Z. Let {T,v) <^ {W,lo) — ^ {U,vj) be the dual pair associated 
to a minimal local symplectic realization at zq of an open neighborhood U 3 zq as 
above . Lemma |l .331 and theorem II . 1 41 implv that the linear approximation to T 
at Iq is given by 

TioT^gl (L12) 

if gL denotes the Lie algebra with opposite Lie bracket. If T is linearizable at Iq 
(or, equivalently, N is linearizable at zq), we obtain a (local) dual pair 

gl^W -^U. (LIB) 

Definition 1.39 A Poisson map : {Z,w) — > {Z,w) is complete if, for each 
h e C°°{Z), X^-h is a complete vector field whenever Xh is. In particular, let gL 
be a finite dimensional Lie algebra, and w^^ the Lie-Poisson structure on gj;. A 
complete Poisson map A : {Z,w) —> {g'l,w^^) is called a moment map. 

Proposition I.4O f\25f } Let A : {Z,w) (gL,^^'') be a moment map, and iden- 
tify 0L with (g*)* C C°°(0l). The maps X* : Ql ^ C°°{Z) and {-w^od) : C°°(Z) 
f)am{Z) are homomorphisms of Lie algebras. Their composition (— o d) o X* : 
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flL $jam{Z) induces an infinitesimal action of 0l on Z by Hamiltonian vector 
fields. Furthermore, this action integrates to a right action of the connected, simply 
connected Lie group Gi with Lie algebra on Z by Poisson automorphisms. 

Definition I.4I Let Gz — riz^zGz, where G^ denotes the stabiUzer subgroup of 
z. For every normal subgroup Gi C Gi with Gi C Gz, there is an induced action 
of the quotient group G — Gi\Gi on Z. We call A the moment map of the right 
G-action, and say that the right G-action is generated by A. 

Proposition I.42 (Wl, p.32f J^l, p. 534) The identity map id : g* -> g* or the 

inclusion i : O — > gj^ of a coadjoint orbit are complete Poisson maps. They generate 
precisely the right coadjoint action of any G with 0l — Lie{G) on g^, and thus, the 
symplectic leaves of the Lie-Poisson structure are the orbits of the coadjoint action. 
More precisely, denoting the coadjoint representation by Ad* , we have 

X-d{1) = i-m^o d){D) = d/dt\oAd*ieMtD))il) Vi? £ a C C°^{Ql),le g*. 

Furthermore, the transverse Lie algebra at I Q* is given by Qi := Ng{l) = 
Lie{NQ{l)), the stabilizer subalgebra of I under the coadjoint representation. 

Corollary 1.43 The moment map X : Z —> of a right G-action is G-equivariant 
with respect to Ad*, that is, X{zg) = Ad*{z){X{z)) for all z E Z, g G G. 

1.3 The Sternberg- Weinstein phase space 

Proposition 1.44 Let {W,lo) be a symplectic manifold and A : ^ gL a sur- 
jective submersive moment map generating the right action of a Lie group G on 
W. Suppose in addition that the quotient W/G is a manifold. Then, the natural 
projection p : W ^ W/G coinduces a Poisson structure W/G, and the G-orbits 

are symplectically orthogonal to the fibers of X. Then, qI^ ^ W W/G forms a 
dual pair. 

Corollary 1.45 Let p : P ^ B be a principal fiber bundle over the manifold B 
with connected structure group G and Lie{G) — gL- The canonical lift of the (right) 
G-action on P to {T*P,lo), where uj is the canonical symplectic form, is generated 
by a moment map given by 

X:T*P^Ql a^{liy)*{a\v^p) y = 7Tp{a), (1.14) 

with : P X gL — > VP, {y,D) i—>- {Dp){y), Dp being the fundamental vector field 
of D E gL. Assuming that the quotient T*P/G is a manifold, there is a coinduced 
Poisson structure w on it. If p denotes the projection map, we obtain a dual pair 

(g*, ^ {T*P, ij) {T*P/G, vj). (1.15) 

Definition I.46 We call the quotient space (T*P/G,w) the Sternberg- Weinstein 
phase space. Since G was supposed connected, lenima [T.13l iniplies that the leaves of 
the symplectic foliation of T*P/G are in bijection with the symplectic leaves of gL, 
which by proposition ll.42l are precisely the coadjoint orbits. A coadjoint orbit O C 
gL endowed with its symplectic structure and moment map is called a generalized 
charge, in analogy with the special case G = U{1) related to electrodynamics. 

Remark 1.47 Sternberg ([17]) and Weinstein [Tl ) directly constructed the phase 
space corresponding to a specific choice of a coadjoint orbit, performing a Marsden- 
Weinstein reduction. Notice that the charge corresponds to a particular sym- 
plectic leaf of minimal dimension and which is naturally identified with the base 
phase space T*B. 
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Any metric 7 on B naturally defines a Hamiltonian Hq on T*B, quadratic on 
the fibers and describing geodesic motion in a gravitational field modelled by 7 on 
B. Given in addition a Yang-Mills field modelled by a principal connection 1-form 
A on P, we dispose of the associated projections 

H^:T*P^T*B and fl^ : T* P/G ^ T* B (1.16) 

since A is G-equi variant. Then, H = /i^i?o defines a Hamiltonian system on 
T*P/G. This construction is called minimal coupling. Let us consider the bundle 

g*(P^) = (F'^ X qD/G where P"" := T*B Xb P T*B, 
with the induced and coadjoint right G-action. Then, the map ip^ defined by 
rl^A = ii^A^^)^il^A^B7rp,X): T* P ^ P^ x gl 

is a G-equivariant diffeomorphism. Thus, it induces a difFeomorphism of the quo- 
tient spaces : T*P/G — > sUP'')- Denoting p^. : sl{P'') T*B the natural 
projection, we can summarize the situation in a commutative diagram: 

T* B p ^'^y pT^ y g* ^ Ojor i p^ p 

\fiA IP i /Pgr 

T*P/G ^ sliP'') 

If we define a Poisson structure and a Hamiltonian on qI{P^) by setting 

= ("V^i)*^ and H(^ = {pI,)*Hq, 

then the Hamiltonian systems {T*P/G, zu, H) and (0l(^"^), Hq) are V'^-related. 
In addition, gl{P^) is naturally fibred over T*B, the phase space corresponding 
to the charge 0, while the gauge field influences the dynamics only via the Poisson 
structure. This is the natural phase space for writing down the equations of motion 
of particles in a gravitational and Yang-Mills fields, by calculating tu^ explicitly. 

Definition I.48 The equivalent systems {T*P/G,m, H) and {gl{P^),-cuj^, Hf^) 
are called the Wong system and the left gauged Wong system, respectively. 

It is well-known that Kaluza-Klein theory provides a description of particle 
dynamics in gauge fields on the realization space T*P ( 14 , 19 , 17 ). 

Definition 1.49 Let p : P ^ B he a principal fiber bundle with structure group 
G. Let 0L — Lie{G), and let t be a scalar product on gL. To any metric 7 on i?, 
and to any principal connection form A on P, we associate a Kaluza-Klein metric 
(or bundle metric) k by setting 

K=p*'-f + LoA (1.17) 

where (ioi),(L/,y) = l{As{U), A^iV)) for aU s e P;U,V e T^P. 

Proposition 1.50 Letp : P ^ B , ^ , A, l and k be as in definition \1.49^ , and let 
Hq and Kq be the Hamiltonians defined by 7 and n on T* B and T* P , respectively. 
Let p : (T*P,Lu) {T*P/G,'cu) be the Poisson projection as in fl.l5\) . define fi^ : 
T*P/G —>■ T* B as in M.lb]) and set H := (1*^Hq. Then, the Hamiltonian systems 
{T*P,lo,Kq) and {T*P/G,w, H) are -related. Furthermore, the projections by p 
of the geodesies of the Kaluza-Klein metric jJ._?7| ) coincide with the projections by 
ttb o Pa ■ T*P/G —fBof the solutions of the Hamiltonian equations defined by H 
on {T*P/G,w), if ttb ■ T*B B is the cotangent projection. 
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2 The Lie algebroid over a symplectic leaf 



Let (Z, w) be a Poisson manifold. The similarity in the defining relations for 
the tangent Lie algebroid of corollary ll.2(JI and the transverse Lie algebra at a 
symplectic leaf S C Z oi lemma IT .361 suggests that these are related. We see here 
that there is a well-defined restriction of the Lie algebroid to every leaf S, which 
in addition is transitive. This allows to construct the geometric notion of an E- 
connection form, which is the first step towards gauge theory. Throughout this 
section, let S" C Z be a fixed symplectic leaf. We assume 5 to be a submanifold. 

2.1 E'-connection forms and curvature 

Definition 2. 1 The mutually dual vector bundles over S defined by 

E ^ T*Z\s — > S and E* ^ TZ\s — > S. 

are called the Lie algebroid and the dual Lie algebroid associated to S, respectively. 
Furthermore, the mutually dual vector bundles 

L = {TSf — > S and L* = TZ\s/TS — > S, 

where (TS)^ denotes the annihilator subbundle in T*Z\g, are called the Lie algebra 
bundle and the dual Lie algebra bundle to Z at S, respectively. 

Lemma 2.2 There is a well-defined bracket on the space of sections of E 

{■,-}:y{E)xV{E)^T(E) {a|s, /3|s} = {«, /9}|s (2.18) 

for all a, /3 G ^^{Z). where the bracket on the right is the standard bracket defined in 
vrovosition \L1!A and the restrictions means the restriction of the maps Z — > T*Z 
to S ^ E . The restriction of this bracket to T[L) is given by the fiberwise Lie 
bracket defined in lemma Vl.SfA Furthermore, T{L) C r(_E) is an ideal. 

Proof: In the lemma, we defined the bracket of two sections of E be restriction to 
S of the standard bracket of to arbitrary extensions of the sections to Z. Thus, we 
have to show that this definition doesn't depend on the extensions. Set a' = ro" oa 
etc., and let X G X^{Z). We have 

{a,(3}{X) = ixi-ia»dP + ipeda + d{m{a, P))) 

= (L;,/3)(a«) - d(/3(A'))(a«) - (L;ta)(/?«) + + 

- d(a(A'))(/3») - d(/3(A'))(a«) + {Lxm)ia, /?) 
= ■ a{X) - J ■ f3{X) + {LxTu){a, P) 

because of the definition of in theorem 11.21 Since the image of is tangent 
to S, this shows that the restriction of {a, P} to S depends only on the values of 
a and P on S. Thus, the bracket is well-defined. 

Furthermore, for a £ r{E),P G r(i), it follows from the definition and = 
that (omitting the extensions) {a,P} = L^tta — L„j/3 — d(a(/3')) G T{L). Thus, 
r(i) is an ideal. In particular, it is closed under the bracket, and by lemma IT. 361 
the restriction of the bracket H2.18(l to r{L) is given by point-wise Lie algebra 
brackets on the fibers of L, inducing Lie-Poisson structures on the fibers of L*. □ 
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Corollary 2.3 The bundle E with the bracket \2.1t^) on T{E) and the anchor map 
—w^ is a transitive Lie algebroid. Furthermore, L is a natural Lie subalgebroid of 
E, i.e. a subbundle and a Lie algebroid with the restricted bracket and anchor map. 

Let is ■ S ^ Z he the natural inclusion, and ig : E ^ T* S the natural 

projection. We denote by ujs the symplectic form of S. Since is is Poisson, 
implies that 

(-tJ7»), = T,^s o o (T,is)* yveS, (2.19) 

which is a Lie algebra isomorphism by (|1.7|l . Writing —w^ for ~vj'^\s, the maps 
(|2.19|) induce an exact sequence of vector bundles over S 

— > L^ E^TS — »0. (2.20) 

Definition 2-4 A 1-form 9 : S ^ T*S <Sis E on S with values in E is called an 
E-connection form iff the associated bundle morphism over S 

9^ -.TS ^ E satisfies - o 9^ ^ Idrs, (2.21) 

that is, iff it is a splitting of the sequence (|2.20() . The subset of T{T*S ®v E) 
consisting of the £'-connection forms is denoted by 21. 

The £'-connection forms indeed locally define connections in a fiber bundle. 
There is a natural global object corresponding to the curvature of these connections. 

Proposition 2.5 Let 9 be an E-connection form. There is a well-defined 2-form 
on S with values in L satisfying 

^\Xx,X2)^{e{Xi),9{X2)}-e{[Xi,X2\) 'iXx,X2ex\s). (2.22) 

Proof: Let / e C°^{S). Then, 

$ ^(^1, /A-a) = {9{X^), 9{fX2)} - e{\X^JX2]) 
= {9(X^)J9{X2)}~9{f[X^,X2] - (A-i • f)X2) 

= f{9{X^), 9{X2)} - (w^ o 9{X^) ■ f)9{X2) - f9{[X^,X2]) - {X^ ■ f)9{X2) 
= f{9{X^),9(X2)} - f9{\X^,X2]) + (A-i ■ f)9{X2) - {X^ ■ f)9{X2) 
= fm^i), 0iX2)} - 9{[Xi,X2])) = f<i>\X,,X2) 

where we used (|1.6|l and the fact that 9 is an £'-connection form. Because of skew- 
symmetry, this shows that is well-defined by (|2.22() as a 2-form. Furthermore, 
()2.19|) implies igO —ujg o o (-tn") o9 = -tOg, and thus 

{i*so^'){XuX2) = i*smXi),9{X2)}-9{[X,,X2])) 

= {i*s9{X^),i*s9{X2)}s-imXum 
= {Js{Xi),ujUX2)}s+ujU[Xi,X2]) 
= -4([A'i,A'2])+4([A'i,A'2]) = 0, 

where we used the fact that is is a Poisson morphism and the naturality of the 
bracket on 1-forms, and denoted by {•, - js the bracket on 1-forms of the symplectic 
manifold (5, ws). □ 

Definition 2.6 The 2-form $^ is called the curvature of 9. 
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2.2 Splitting transformations 

Let : Z ^ Z be a Poisson automorphism such that (f>{S) — S. Let us call 
such morphisms S-Poisson morphisms. Its cotangent map induces a bundle iso- 
morphism T*(l)\s : E —>■ which can be used to define an action of (j) on forms 
with values in i?, analogous to active gauge transformations for usual principal 
connections. Since the local trivializations of Poisson manifolds are the splitting 
maps, we call such transformations splitting transformations. 

Definition 2. 7 Let 4> be an S'-Poisson mor phism. The action 0* : T{A^T*S (S>s 
E) T{a''T*S (g)s E) is defined by 

{(t)*af = (T*0|s)-i oa^ o h^T{(t)\s) Va £ r(A'=r*S' ®s E), 

where denotes the bundle morphism associated to the form a. In particular, it 
satisfies [(j) o ^)* a — ^* o (p* for any two S'-morphisms (j) and ^j. 

Lemma 2.8 The group of S -Poisson morphisms acts on the space 21 by the action 
of definition \2. T\ Furthermore, the action preserves the bracket defined in lemma 
\tm I.e. cj)*{a,[i} = {(j)*a,cl)*l3} for a, /3 € r{E). 

Proof: Let 9 be an i?-connection form, and cf) an S'-Poisson morphism. The only 
fact to verify is that 4>*6 satisfies condition (|2.21|) . Since cj) is Poisson, H1.3|) implies 

{-w^o{<j>*0)X = -tu»o(T„*0)-io0^oT„(0|s) v^cl){u) 

and thus, (l)*9 is an i?-conncction form. For A; = 0, let a = Oi'\s, P — f3'\s for 
a',/3' e n^iZ), then 

= {a' \s),cl,*{f3'\s)}^{{cl>*a')\s P')\s} 

= {r«',r/?'}|5 = = 0*({a',/3'}|5) 

= r{(a'|5),(/3'|5)} = 0*{«,/3}, 

where we used the definition of the bracket on T{E) and the fact that (j) is Poisson. 
{4>* denotes either the map of definition 12. 71 or the usual pull-back, by a consistent 
abuse of notation.) □ 

Proposition 2.9 Let 9 be an E- connection form, and the associated curvature 
form. For an S -Poisson morphism (f>, we have ^ — (/)*$^. 

Proof: We compute 

<^^'\Xi,X,) = {{r9){X,),{rO)im-irO){[X,,X,]) 

= {r>-^ o9^ oT(t)o A-i, r>^i o9^ oT(t>o X2} - 

-T*(j)-^ o9^ oT(j)o [Xi,X2] 
= {T*4>-^ o 9^ o{T4> 0X1 o(t)-^)o(j)^ 

T*(t)^^ o9^ o {T(t) 0X20 0-1) o 0} - 
-T*(j)-^ o9^ o {T<j) o [Xi,X2] o (t)-^) o 

= {rm*x^)),r{9{<j>,x2))}-<j>*{9{cp4XuX2])) 

= q}*i{9i^,Xi),9{(j),X2)}-9i[cj),Xi,q},X2])) 
= r{^'{<j>,Xi,cl),X2)) 
{(P*<^>'>){Xi,X2) = T*(j)~^ o{^y o{A^Tc^o{Xi,X2)ocj)-^)o(P, 

where we used lemma IT^ and the definition of the push- forward. □ 
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Local splitting transformations. As in gauge theory, it is possible to write 
down splitting transformations as transitions between splittings. 

Lemma 2.10 Every splitting map sp : U —> V x N determines an E-connection 
form Osp-.V ^ T*V (S)v E\v on V . Furthermore, = 0. 

Proof: Let sp : U ^ V x N he a, splitting map, and iy = islv, = ujs\v- 
Denote by TV the foliation given by the fibers of pri o sp. By restriction to the 
annihilator subbundle {TAfY'\v^ [Tiv]* becomes an isomorphism, so we can define 

Isp = {TivT\lTurw-T*V {TNfW and 9^^ = -hp o Jy. (2.23) 

The corresponding £^-connection form Ogp € T{T*V ®v T*U\v trivially satisfies 
(I2.21|) because of (|2.19|) . Furthermore, we have 

$«-(A'i,A'2) = {esr,{Xi),esp{X2)]-esp{[XuX2]) 

- {hp O iJ'yiXl), hp oJ'y{X2)]+ hp O J'y{[XuX2]) 

= hp o {{u;'y{X^),J'y{X2)}v + ^v{[Xl,X2])) , 

where {•, ■}v is the Poisson bracket on V , since {pri o sp)* : C°"{V) — > C°°{U) is 
a Poisson morphism onto the function which are constant along the leaves of A/". 
Now, property (|1.7|) for a symplectic Poisson tensor implies that <i>^=p =0. □ 

Corollary 2.11 Let sp : U —>-VxN be a fixed splitting map andOsp the associated 
E-connection form. There is a bijection T{T*V (>5y L^y) 21 given by a >—> 6a = 
a + 9sp. Thus, 21 is an affine space modelled over the vector space T{T*V (E)v L\y). 

Definition 2.12 Let be a connection form, and let a be the corresponding 1- 
form a such that 6 — a + dgp. We can associate to a a g-valued 1-form a on V, 
given by 

a> = pr2 o T*sp\v o 9^ o T{sp-'^\v) : TV ^ V x q, 
where g — T*^N is a Lie algebra because of lemma [1.361 

Let sp : U V x N and sp : U ^ V x N he two splitting maps. The 
composition = sp^^ o sp : U i— > J7 is a Poisson morphism, and writing sp = 
spo(j)~^, we can regard the action of as a transition between splitting maps. The 
map induced the splitting transformation in 1^ x iV is denoted by ^ = spo(j)osp~^. 
It induces the bundle automorphism 

T*^\v^(^ r) • T*V (B 3 ^ T*V (B Q. (2.24) 

where the matrix elements are given by sections 

P : V ^ TV (g)v T*V B:V^TV(E)g R : V Aut{g) , (2.25) 

Aut(Q) denoting the automorphism group of g. The maps P and P*"^ are given by 

P = prioT*^\T^v ^{TivT oT*^\t'v ^T*i4>\v)o{Tivy\T'V 
= T*(0|y) = T*{sp\v) o T*(0|y) o T*{sp\v)-^ 
P*-i = T{^\y) ^T{sp\v)oT{(l)\y)oT(sp\vT^ : TV ^ TV. (2.26) 

Finally, the inverse bundle morphism of (|2.24() is easily seen to be given by 

= (-R-ioBoP-i R°i)- 
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Proposition 2.13 Let 6 be an E-connection form on V. Let sp : U V x N 

be a splitting map and a the associated Q-valued 1-form to 9 on V as in definition 
Furthermore, let (j) be a splitting transformation. Then, the Q-valued 1-form 
associated to (jfO via sp is given by 

= R-i o (a^ - B o p-i o ujI) o P*-^ : TV V x g, 

where the bundle morphisms R, B and P* are defined by \2.24^ and \2.2b]) . 

Proof: By definition, 

ci — pr2 oT* sp o [(j)* 0)^ oT{sp~^\v) 

= pr2oT*spo{T*(j))-^ o9^ oT{(P\v)oT{sp-^\v) 

= W2 o T*^-^ oT*spo9^ o T{sp-^\v) o T{4,\v) 

= {R-^ opr2oT*spoe^ oT{sp-'^\v) - 

-R"^ o B o o pn o T*sp oO^ o T{sp-^\v)) o P*"^ 

= R-^ o (a^ - B o p-i o T*{sp\v) o {TivY o 6^ o T(sp~V)) ° P*"^ 

= R-^ o (a^ - B o p-i o T*{sp\v) ouj'yo T{sp'^\v)) o P*^^ 

= R-i o (a^ - Bo p-i o^t.) o P*-i 

where we used the fact that 9 was an i?-connection form, and that (sp|y) is a 
symplectomorphism of (V, ojv). □ 

Corollary 2. 14 Let 9 be a E-connection form on V and let sp and sp two splitting 
maps. Let the Q-valued 1-forms associated to 9 by sp and sp be denoted by Oigp and 
otsp, respectively. Then, = R~^ o (a^^ — Bo P~^ o Wy) o P*"-*-, where the bundle 
morphisms R, B and P* are defined by {2.24}) '^'^d \2.26]) for cj)^^ ~ sp^^ o sp. 

2.3 Principal connections in the Lie frame bundle 

The resemblance of the local splitting transformations with gauge transformations 
suggests that there should be associated principal connection forms taking values 
in Lie{Aut{g)). In deed, lemma IT . 361 states that L is a Lie algebra bundle with all 
fibers belonging to the isomorphism class of the fixed element g. 

Definition 2.15 The bundle r : R ^ S whose fiber at a; e 5 consists of the Lie 
algebra isomorphisms f : q ^ L^ is called the Lie frame bundle at S. That is, R 
is the bundle of frames (reperes) in L which respect the Lie algebra structure. 

Lemma 2.16 R is a principal bundle over S with structure group Aut{g), where 
the group action is given by {f,a) f oa for (/, a) £ Rx Aut{Q). With respect to 
the diagonal (right) action of Aut{Q) on Rx q, we have a canonical isomorphism 

L^{RxQ)IAut{Q)^Q{R). (2.27) 

Proof: This is a standard result on vector bundles. See for example [^O]. □ 

Proposition 2.17 Let 9 be an E-connection form. It defines a covariant deriva- 
tive in the vector bundle L = q{R) given by 

r(L) ^r(r*5®si) ry^{0,ry}. 
Here, the brackets denote the bracket of section of E defined in lemma W^ 
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Proof: Recall from lemma IT^ that T{L) C T{E) is an ideal for the bracket, such 
that the definition makes sense. Now, one can easily check that this defines a 
covariant derivative corresponding to a linear connection on L. In particular, 

{0, M = f{o, v} - M o e'){f),j = f{e, 7?} + d/ a 77, 

where we used property H1.6() . and the fact that 9 is an ii'-connection form. □ 

Corollary 2.18 Let 9 be an E-connection form. Then, it defines a principal 
connection form in the principal bundle R, which takes values in the inner 
derivations of q. 

Proof: A covariant derivative in an associated bundle naturally induces a prin- 
cipal connection in the corresponding frame bundle. Since acts by the Lie 
bracket of forms, it is a derivation of the Lie algebra structure in the fibers, and 
thus, parallel transport will act by automorphisms. Consequently, the connection 
in the principal frame bundle reduces to the Lie frame bundle R. Furthermore, 
the action of is by inner derivations of the fibers of 2{P). Thus, the principal 
connection form takes values in the inner derivations of g. □ 

Proposition 2.19 The curvature form of the covariant derivative is given by 

= (ado$«)(A'i,A'2) \/Xi,X2 eX^iS). 

Here, ad denotes the adjoint action of the Lie algebra structure of the fibers of L. 
In particular, the curvature form takes its values in the inner derivations on the 
fibers of L, and the corresponding curvature 2-form — dA^ + on R 

values in the inner derivations of q. 

Proof: We have, using the Jacobi identity, for all a G r(i), 

= {{d{X^),9{X2)}, a] - {e{[X^,X2],a)} 
{ado^%{Xi,X2){a) - {{{d{X^),9{X2)}~d{[Xi,X2])),a}. 

Thus, the corresponding two form F^ on R takes values in the inner derivation of 
B, and F^ takes values in the inner derivations of the fibers. □ 

3 Sternberg- Weinstein approximation 

Up to now, we constructed several gauge theoretic objects related to E, but com- 
pletely ignored the Poisson structure of proposition II. 181 on the dual bundle E* . 
We now turn to this structure in a context where it turns out to generically pro- 
vide a natural linear approximation to any Hamiltonian system on Z by a Wong 
system on a Sternberg- Weinstein phase space, involving a metric and a Yang- Mills 
field. The construction involves the choice of an embedded Lagrangian submanifold 
ix ■ X ^ S oi a. fixed leaf S c Z. 
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3.1 The Sternberg- Weinstein Poisson structure 

Let {TXf and (TXf denote the subbundles of T*Z\x and T*S\x given by the 
annihilator spaces of the fibers of TX as a subbundle of TZ\x and TS\x, respec- 
tively. Since X is Lagrangian, the restriction — — ~'cu'^\(tx)° yields a map 

-w*^ = Tis o (-4)^1 o {TisY\(Txr ■■ [TXf ^ {TX_f ^ TX. (3.28) 
If we define the (dual) Lie algebroid and (dual) Lie bundle at X by 

Ex = {TXf ^T*Z\x = E\x E*x=TZ\x/TX = E*\x/TX 

Lx = {TSf\x=L\x L\=TZ\x/TS\x=L*\x, 

respectively, Ex, E*^ and Lx, L*^ being dual bundles, we obtain an exact sequence 

— > Lx — >Ex — >TX — > 0. (3.29) 

Lemma 3. 1 There is a well-defined bracket on the space of sections of Ex 

{■,-}:T{Ex)xT{Ex)^T{Ex) {a\x, f3\x} = {a, P}\x (3.30) 

for all a,(3 E Vl^{Z) such that a\x and I3\x take values in Ex, where the bracket 
on the right is the standard bracket defined in vrovosition \l.lfA and the restrictions 
mean the restriction of the maps Z —^ T*Z to X. The restriction of this bracket to 
T{Lx) is given by the point-wise Lie bracket in the fibers of Lx defined in lemma 
\1.36\ Furthermore, T{Lx) C T{Ex) is an ideal. 

Proof: Let a,/3 e n^{Z) such that a\x and (3\x take values in Ex- In the proof 
of lemma we saw that for X G X^{Z), 

{a,(3}{X) = iatiixdP) - ipt^ixda) X ■ w{a, (3) (3.31) 
= (3^ ■a{X)-a* ■ f3{X) + {Lxnj)ia,(3), 

where — ■cd'^ o a etc. Now, (|3.28|l shows that if a\x and (3\x take their values in 
Ex, then a^\x and P^x take their values in TX, and thus, the restriction to X 
of the bracket H3.31|l depends only on the values of a and (3 on X. Furthermore, 
assume that X\x is tangent to X . Then, because of ru{a, (3) — a{f3'^), the last term 
in the first line (|3.3HI vanishes on X due to H3.28() . On the other hand, the first 
term 

i^t{ixd(3) = dp{X, J) = a^ ■ p{X) - X ■ - p{[X, a«]), 

and this vanishes on X because the Lie bracket of vector fields that are tangent to 
X is tangent to X. Finally, the second term of H3.31|l vanishes for similar reasons. 
This shows that the bracket of -valued forms is E'x -valued. The remaining 
assertions follow from lemma □ 

Corollary 3.2 The bundle Ex with the bracket \S. on T(Ex) and the anchor 
map —'OD^x ^ transitive Lie algebroid, and Lx is a natural Lie subalgebroid. 

Definition 3.3 A 1-form a : X ~> T*X iS>x Ex on X with values in Ex is called 
an Ex -connection form if the associated bundle morphism over X 

-.TX ^ Ex satisfies - tu*^ o a" = Ldrx, (3.32) 

i.e., if it is a splitting of (|3.29() . The set of -connection forms is denoted by 2lx- 
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Lemma 3-4 For any 9 e^, a = i*^9 e 2tx, and 2lx = i*x^- 

Proof: Take Xi,X2 £ TX. We have 

{aiX,)){X,) = {^l.{9{X,)){X,) = ((T*^)* o 

= (4 04-1 o {TisT ° 9'){Xi){X2) - -4(Xi)(X2) = 

because of (|3.28ll and since X is Lagrangian, and thus, a takes values in Ex- 
Property foUows from -n7« o9^ = Mrs and (ij^ 6')'' = 6*'' o i^*- On the other 

hand, any E'x-connection form can be extended to an i?-connection form. □ 

Corollary 3.5 Let a and 9 be Ex- and E-connection forms such that a — i*x9. 
There is a well- defined 2- form on X with values in Lx satisfying 

^■^{Xx,X2)^i*x^'^ ^{a{Xx),a{X2)}-a{[Xi,X2]) yXi,X2^X\X). (3.33) 

Definition 3. 6 The 2-form is cahed the curvature of a. 

Corollary 3.7 Let be an S-Poisson isomorphism preserving X. Its cotangent 
map yields a bundle morphism T*(l)\x ■ Ex Ex, inducing an action of (f>* on 2tx 
as in definition \2. 7| by setting (j)*{i*x9) — i*x{4>*9) for all 9 Furthermore, the 

action preserves the bracket defined in lemma Wj\ If a € Six, then " = 

Corollary 3.8 An Ex -connection form induces a principal connection in the re- 
stricted principal bundle Rx '■= R\x and the associated bundle q{Rx) = 0(^)|x- 

Now we can turn to the Poisson structure on Ex and show that it is a natural 
linear approximation to Z near X. Let us give a detailed proof of DroDOsition ll.181 
in this special case since it will be useful in the sequel. We denote the projection 
induced by tz : TZ Z hy 

t:E*x^X. 

Proposition 3.9 There is a natural extension of the bracket defined in lemma W7\ 
on the sections of Ex , seen as vertically linear functions on the dual bundle Ex , 
to an exact Poisson bracket {■,■}' on C°°{Ex)- 

Proof: In order to define a Poisson structure on Ex, it suffices to specify the 
Poisson bracket on a characterizing family of functions which is large enough to 
ensure that the differentials of its elements span the cotangent space to Ex at each 
point and thus, their Poisson brackets determine the Poisson tensor. 

Clearly, we can naturally define the Lie bracket {•,•}' to be the trivial Lie 
bracket on the subspace t*C°°{X) C C°°{Ex) of vertically constant functions. 
On the other hand, T{Ex) can be identified with the subspace f (-Ex) C C°°(i?^) 
whose elements are linear on the fibers, and the Lie algebroid bracket on T(Ex) 
induces a Lie bracket {•, •}' on this subspace. Furthermore, one easily verifies that 

t;{e*x) = d{f{Ex) ® T*c^{x))t yt e e*x. 

Thus, the bivector on Ex defining {•,•}' on the whole of C°°(£'^) will be de- 
termined by specifying the bracket of an element of T{Ex) with an clement of 

T*C'^{X). 

From the Leibnitz identities for the Lie algebroid brackets (for clarity denoted 
by ■]ex below) and the bracket {•, •}', it follows that for Vi, V2 G r(i?), denoting 
the corresponding functions as Vi, V2 G r(£'x), and / e C°°{X), we obtain 

{Vi,(r*/)V2}' = [Vi,/V2]s, - (((-tn«,oVi)-/)V2) + (/[Vi,V2]B,) 
{Vi,r*/}'V2 + (r*/){Vi,V2}' = r*((-m5, o Vi) • /)V2 + (t*/){Vi, V2}'. 
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This implies that we must set 

{Vi,r*/}' = -^v-T*/ - T*((-tn«,oVi)-/) (3.34) 

= ((-n7«,)*od/). Vi -X,./-Vi, 

where the section (— w^)* o df : X ^ T*X EX^ of E'^ is seen as a constant 
vertical vector field on EX^, which is thus the Hamiltonian vector field Xr* / of r*/. 
In fact, defines a map a : f{Ex) Oer(T*C°°(X)), and the bracket {•, •}' 

on T*C'^{X)®f{Ex) C C°°{E^) is the semidirect sum t*C°°{X) ><i„f (iJ^). This 
completely determines an extension to a natural bracket {•,•}' on C°°{E'^). 

It remains to verify that this bracket satisfies the Jacobi identity. This is 
most easily done in local coordinates. In deed, let us choose Darboux coordinates 
{x^ ,p^,ra) on Z centered at xq G X. They induce coordinates {x^ ,x^^ ,Pf^,ra) on 
TX\x with respect the vector fields {d/dx^, d/dp^^ d/drg) whose values at x span 
T^Z for each x ^ X, and coordinates (x'', [p^], [fa]) on E*^ = TZ\x/TX with 
respect to the sections [d/dra\) of E\ whose values at x span {E^)^ for 

all x &X. 

On the other hand, the values at x of the sections (dp^Jx, rf^'alx) of T*Zx 
span Ex = [TXf at each x ^ X. By definition, x^' £ t*C°°{X), while [p^] = 
dp^lx, [ra] = dra\x e f{Ex)- Thus, we have 

{xf^.x^y ^ 



{[PmIJP'']}' = [dPt,\x,dp^\x]E^ ^ id{PtJ,,P,y}\x) ^0 

= {{w^xodp,\x)-x^'^dx^'/dx''^Si^ 

{a:^[fb]}' = {{ml,odn\x)-x^ =0 

{[Pf^drb]}' = [dp^,\x,drb\x]E^ = (d{Pf,,rb}\x) ^0 



{[ra], [rbW = [dra\x,drb\x]Ej, = id{ra,rb}\x) = clbdr^x = clb[rc] 

where we used the definitions of coroUarv 11.291 and p. 11(1 . Hence, with respect 
to the coordinates (x^, [p^], [ra]), the bivector ru' defined by the bracket {•,•}' on 
C°^{E^) reads 

Since the cj^^ are structure constants of the Lie algebra g, it follows that vu' 
satisfies the Jacobi identity [zu',m'] = as required. If Z G X{E'x) is the lin- 
ear vertical vector field on E'^ corresponding to the identity bundle morphism 
IdE'^ e T{E'^ (g)x Ex), then I = [pf^]d/d[pf^] + [ra]d/d[ra], and one easily ver- 
ifies that zu' = —[zu',X], that is, m' is even exact. In addition, we note that 
(x^, [Pfj], [ra]) are local Darboux coordinates for zu' on E'^ at x. □ 

Corollary 3.10 Let T{S'Ex) be the symmetric algebra of the sections of Ex- 
There is a canonical identification (denoted again by a bar) of this algebra with the 
subalgebraT{S' Ex) C C°°{Ex) consisting of those functions which are polynomial 
on the fibers. On the other hand, if ^x = {/ G C°° {Z)\f\x = 0}, there is a natural 
map 

€x^f{Ex)=f{S^Ex)(lC^{E*^) f^df\x. 
For any f £ ^x, the adjoined action of df\x on T{S'Ex) is given by 



{F,d/U}'-^d7U-P=(Lx,P)|x WPer{S'Ex), (3.36) 

where P G T{S*T*Z) is an arbitrary extension of P on a neighborhood of X. 
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Proof: The identifications mentioned in the coroUary are obviously canonical. 
Since {-jX^yj^}' and are both derivatives of the respective associative algebra 
structures, it suffices to verify (|3.36|l for elements of T{S'^Ex) = C°°{X) and 
r{S'^Ex) = T{Ex). For P e C°^{X), we have P = t*P, and thus 



{P, dflxY = -ii-^'x ° df\x) ■ P) = {Xf\x ■ P) = (Lx,P)U 

for any extension P oi P since Xf\x is tangent to X for / G Cx- For P G T{Ex) 
and any extension P, we have further 



{P,df\x}' = [P.df\x]E^=ii^iodfdP-i^t,pd{df)+d(m{P,dm\x 



= iiXfOdP + doix,P)\x = {'LXfP)\x. 

This proves the corollary. □ 

Remark 3.11 Recall that for every Lie algebroid (E, p, [■, -js), T{A'E) is provided 
with a Gerstenhaber algebra structure involving the Schouten-Nijenhuis extension 

of [•,•]£ (cf El). 

Corollary 3.12 There is a canonical injection r(A"T*X ®x Ex) Q."-{E*^), 
defined by the tensor product of the pull-back by t with the identification of corollary 
which we denote again by a bar. A projection /i" : — > X^(-E^) with 
o h" — r» is defined by 

h°' = ad{a) o r*, where ad{a){X) = -^X-^^ VX G X{X). 
For a G 2lx, the following structure equation and Bianchi identity 

dao/i" = + i{a,a}' and o /i" = 

2 2 

where {a, a}'(3^i, 3^2) = a(3^2)}' - {«(3^2), ^(^1)}' etc., hold good. 

Proof: Because of (|3.34|l . we have in deed r, o/i"(3^) = -rof o a'' o T,(y) = T^{y). 
Let G X\E*x), X, = T,y„i^ 0,1,2. Then, 



Thus, we have 



$"(3^1, ^2) = {a[Xi),a{X2)} - a[[Xi,X2]) = {a{X{) , a[X2)}' - a[[XuX2]) 

= h^{y^) ■ a{h"{y2)) - h'^iy^) ■ a(/i"(3^i)) - a([/i"(:yi),/i"(3^2)]) - 

-{a{yi), 0(^2)}' = (da o /i" - l/2{a, a}')(3^i, ^2) 
which implies the structure equation. For the Bianchi identity, we compute 

d$"o/i"(yo,yi,y2) i{a,a}')o/i"(37o,yi,y2) 

= _id({a,a}')(/i"(3^o),/i"(yi),/i"(y2)) 

= -J2 {^(^- {^K^. ^G^}' }' + E {a(['^o,A'i]), ^^}' 

eye/ cycl 
eye/ eye/ 

= {alA-i), a(A'2)} + A'2])}' = ^{a, *"}'(3^o, 3^1, 3^2), 

cycl 
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where the summation runs over all cyclic permutations of the indices 0,1,2, and 
we used the Jacobi identity for the fourth equality. This proves the corollary. □ 

Definition 3.13 For any Poisson manifold (ZjZu) and any Lagrangian subman- 
ifold X C S" of a symplectic leaf S, the Sternberg- Weinstein approximation at X 
is given by the Poisson manifold {Z',w'), where Z' — Ex — TZ\x /TX , and zj' 
is the Poisson tensor defined by the Poisson algebra structure {•, •}' on C°°{Z') in 
lemma given in local Darboux coordinates by (|3.35|l . 

Corollary 3.14 The subbundle S' = TS\x /TX <Z Z' is a symplectic leaf, which 
contains the zero section, identified with X , as a Lagrangian submanifold. The 
bundle morphism 

i-u^x)* ■■ s' = {{Txfy T*X, 

where uj\ = w^Itx '■ TX — > {TjCf , is a symplectomorphism of S' with T*X and 
its canonical symplectic structure. The subspace €.s' = {/ G C°° [Z')\f\si = 0} is 
an ideal of C°°{Z'), and the subspace T{Lx) of the functions on E*^ defined by 
sections of Lx is an ideal ofT{Ex)- Furthermore, the canonical projection 

l:Z'^E*x^L*x=Q*{Rx), (3.37) 

is a Poisson morphism for the Poisson structure on L*^ defined in lemma Vl.SfA by 
the linear Poisson structures on each fiber. That is, if f,g G C°°{L*^),n G {L*^)x, 

{l*f,l*g}{l-\n)) = {/|(Li).,5l(L3c).}-(")' (3-38) 

where {-t-^x denotes the Poisson bracket on {L*^)x = Q* ■ Finally, the Sternberg- 
Weinstein approximation of Z' at X d S' is canonically isomorphic to Z' . 

Proof: The first two statements are clear from the construction or easily checked 
in the local Darboux coordinates. In the same way, we can check the last assertion, 
taking into account that for every vector bundle M ^ N, there are obvious canon- 
ical vector bundle isomorphisms TAI\o(^j^-^/T{o{N)) = F(M)|o(^) = M, where 
o{N) = N is the image of the zero section. It follows from proposition II .271 that 
ffg' is an ideal, and from lemma ITTI that r{Lx) C T{Ex) is an also an ideal. 

As to the remaining assertions, it sufhces to check them on the characteristic 
subspace t*C°°{X) © T{Lx), where the last term denotes the vertically linear 
functions in l*C'^{L*^) C C°°(-B^) defined by the sections of Lx- Since 
and Lx — ker(ci7^) imply {t*C°"{X),T{Lx)} — 0, and since the bracket on 
sections of Lx is given by the fiberwise Lie algebra bracket, H3.38(l follows from the 
construction of the bracket. □ 

Remark 3.15 We can see here that Z' is locally equivalent to T*X x g*, and 
in particular, transversally linear at S' = T*X. Since Z is locally equivalent to 
V X N , and there is always a local symplectomorphism of V and T*X, we see that 
Z is locally Poisson equivalent to Z' iff it is linearizable at V . It is easy to see 
fcorollarv l5.3|l that the Sternberg- Weinstein phase space is naturally isomorphic 
to its Sternberg- Weinstein approximation, which motivated our definition. 

3.2 The Wong system 

A Hamiltonian on Z can induce a Hamiltonian system on the Sternberg- Weinstein 
approximation of Z at X which is precisely of the Wong type, that is, given by a 
metric and an £^x-connection form on X. 
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Lemma 3.16 Let AI N be a vector bundle, and denote o : N o{N) C M the 
zero section. There is a canonical bundle isomorphism TAjf|o(7v) — TN (Bn M. 

Proof: For every x e N, To{x)M To[x){o{N)) © Vo{x){M) ^ T^iV ® is 
a natural decomposition induced by the canonical identifications o{N) = N and 
V{M) ®N M for any vector bundle M. □ 

Theorem 3.17 Let X d S ^ Z be a Lagrangian submanifold of the symplectic 
leaf (S,u;s) of the Poisson manifold {Z,zu). Every Hamiltonian H € C°°{Z) with 
dL[\x — uniquely defines a bundle morphism t^ H : TS\x /TX — > Ex- Lf the 
composition t^ Hq = {Tis)*ot^H : TS\x/TX ^ {{TX_f)* (TX)° is mvertible, 
then the bundle morphisms 

iH = {-Lo'xT oit'^Ho)-^ o{-Lo'x). TX ^T*X 
a^H = t^H o (t^Ho)-^ o i-Jx) ■ TX — > Ex 

where = : TX ( TX )^ , define a metric and an Ex-connection 

form an on X, as well as the principal connection form Ah = A°' on Rx ■ 

Proof: Tlie tangent map of dH\s : S ~> E yields bundle morphism 

T{dH)\Tsu ■■ TS\x {dH\xyT{E) = TS\x ®x E\x, 

where the decomposition is given by the above lemma. The first component is the 
identity by the definition of jets. The second yields the bundle morphisms 

pr2 o T{dH)\Tsu ■■ TS\x-^ E\x (3.39) 
{TisT opr2oT{dH)\Tsu ■■ TS\x-^T*S\x. (3.40) 

Since dHx — 0, these maps vanish on TX C TS\x- On the other hand, since 
d{i*gdH) = d{d{H\s)) — 0, the bundle morphism (|3.4UI) defines symmetric bilinear 
forms on the fibers of TS\x whose kernels contain the vectors in TX. Thus, it 
induces symmetric bilinear forms on the fibers of the quotient bundle TS\x/TX 
and an associated bundle morphism TS\x/TX {TS\x/TX)* = (TX)°. Conse- 
quently, the morphism 13.40() takes values in ( TX )'^. From these facts, we see that 
the morphism H3. 3913. 40(1 induce the announced bundle morphisms 



t^H: TS\x/TX — > Ex 

t^Ho = (Tis)* o t^H : TS\x/TX = {{TXf)* — > (TX]°. 

Now, if t^ Hq is invertible, the bilinear form •jh will be well-defined, non-degenerate 
and symmetric. Thus, 7// is a metric on X . On the other hand, 

-ujI, o = Tis o (-4)-! o (Tis)* o f'H o [t'' Ho)-' o {-J^) = Ldrx 

by construction. Thus, an is an .Ex-connection form on X, inducing a principal 
connection form on Rx- O 

The definitions oft^ H, t^ Hq, jh and an are summarized in the following diagram: 

E\x — > Ex — > (TX)° ^ TX 

TS\x — ■' TS\x/TX T*X 
where = t^ H o [t^ Hq)-' o (-w^) : TX — > Ex- 
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Corollary 3.18 Any section h G r(i?) with h\x = and such that d{i*gh)\x — 
uniquely defines a bundle morphism t^h : TS\s — ^ Ex- If the composition t^ho = 
(Tis)* o t^ h is invertible, then t^ h uniquely defines a metric, an Ex-connection 
form and an associated principal connection form on Rx ■ 

Corollary 3.19 Given in addition a linear connection in the bundle E, which 
provides a splitting TE — TS ®s VE over S, a section h £ r(i?) with d{igh) = 
naturally defines a metric and an E-connection form on the leaf S . 

Given a Hamiltonian H on Z, theorem \'A . 1 71 should allow us to define a system 
analogous to the Wong system on Z' . In deed, we have the dual bundle morphism 

(a^)* : Z' ^E't^ — > T*X. 

On the other hand, the metric 'jh defines a Hamiltonian Hq on T*X. Thus, we 
can define a Hamiltonian system on Z' by 

H[=H'^o{a'H)\ where H'^{p) ^ p{^'>-\p)) yp&T*X. (3.41) 

Notice that the Hamiltonian H'q is always defined even if t^ Hq is not invertible. 
However, the definition of H[ requires the invertibility. 

The equations of motion of this system are written as follows. The bundle 
morphism over X defined by 

i^H = {{a^HTJ) ■■ Z' ^L\= T*X ®x L*x - d*{Rx) 
where R\^T*XxxRx 

is easily seen to be a diffeomorphism. It can be used to induce an i?-depending 
Poisson structure w'^ = (i/jn)*'^' on L^. Then, Hq can be pulled back to a 
function H'^ on L'^, defining a Hamiltonian system on it, and by construction, 
the system (LJ, tu^, iJg) is equivalent to the system above. In addition, is 
naturally fibred over T*X and X, which allows to write down the equations of 
motion in a natural physical coordinates if we can find an expression for tuh- 

Let {pri,pr2) : T*X x L'^ denote the natural projections. They induce 

the affine bundle morphism {pri^ ®Txpr2*) ■ T{L\) ^ T{T*X) XtxT{L\). This 
allows to define a graded algebra map hor'^ : X{T*X) X{L\) by 

Z = horl{y) ^ prUZ)^y, pr2.{Z) ^ horH{7:x*iy)) 

horHiX) = {ho^){aH){X)^^UX^^ VA" G Xi(X), 

where the Hamiltonian vector field is defined by vj' and projectable by I since 
r(Lx) C T{Ex) is an ideal. Since corollarv l3 . 1 2l implies that {TL'^)*ohorH = Idxx, 
where r^^ : L'^ — > X is the bundle projection, the map is well defined. Further- 
more, the vertical restriction V{L'^) ^ V{T*X) (Bx V{Lx) induces injections 

T{A"T*X(E)x Lx)3v ^ ^er(A"F(L^))-^X"(L^) 

r{A-v{L''^))3w ^ t[j er{A"v{Li))^r\Li), 

where in the first line, we used also the natural injections A"T{T*X) A"V{T*X) 

and T{Lx) r{L%^) C°°{L\) as constant vertical multi- vector fields and as 
vertically linear functions, respectively. 

Proposition 3.20 The Poisson structure zuh on L'^ is given by 

VJH = horl owT'x+ $ + Wl^ , (3.42) 

where wt*x is the Poisson tensor on T*X, is the curvature of an, and il'lj. 

is the Poisson tensor on L*^. 
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Proof: Let us determine the Poisson structure w'^j on L\ on the characteristic 
set of functions on given by the functions on T*X induced by functions and 
vector fields on X, and functions induced by sections of Lx on L*^. The dual 
bundle isomorphism decomposes into a direct sum as 

rH^{a^H,n- (LxT =TX®xLx ^ a^TX) ®x Lx ^ Ex . 

It follows that for ft S C°°(X) = X°{X), X, G X^^X), and V^ G T{Lx), i = 1,2, 
we have, denoting the corresponding functions on Lx by a double bar, 

Denoting the Poisson bracket defined by ro^ by {•, - j^, this implies that 

= (V-H •/2)=^^={^i,/2}t*X 

{IiMh = {^JH'r{r*fi:V2y ^ o V^) • /i) ^ 

{VuV2yH = (^^}^)*{Vi, V2}' = {Vi, V2} = {Vi,V2}Li 

where we also wrote {■, -It-x and {•, for the Poisson bracket on T*X and i^c , 
respectively, omitting obvious restrictions. By testing on the characteristic set of 
functions, it follows that the Poisson tensor wh is given by (|3.42|) . For example, 

voH{dXi,dX2) = {pn,ohor],owT'x)idXi\T'X,dX2\T'x) + ^""{dXudX2) 
- {Xi,X2}t'X+^''"{Xi,X2) = {-?i,-?2}h, 

where we used that by construction, ~ip{dX) — dX{~(p) — f{X) for all X G X{X) 
and v? G TiT*X (gix Lx). □ 

Definition 3.21 The equivalent systems [Z' ,vj\H[) and {L^ , w'j^ , H'^) will be 
called the Wong system and the gauged Wong system associated to the Hamiltonian 
system (Z,w,H) at X, respectively. 

Wong's equations ([33]) can now be easily written down. We refer to the lit- 
erature for their discussion. In particular, |^ provides a detailed calculation and 
discussion of the Poisson structure 1)^1 42|l for the original Sternberg- Weinstein phase 
space and the (left) gauged Wong system. Note that the original Wong system is 
associated to itself. 

3.3 The Einstein-Mayer system 

If t^ Hq in theorem l3.17l in degenerate, it is still possible to define an approximated 
system on the Sternberg- Weinstein approximation of the underlying Poisson man- 
ifold. 
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Theorem 3.22 Let X C S ^ Z be a Lagrangian submanifold of the symplectic 
leaf {S,ujs) of the Poisson manifold (Z, tu). Every Hamiltonian H € C°°{Z) such 
that dH\x — uniquely and naturally defines a section H : X — > S'^{Ex) of 
symmetric bilinear forms on the fibers of E*^. If the associated bundle morphism 
jV^j : E'^ Ex is invertible, then the inverse bundle morphism defines an 
associated nondegenerate field rj of scalar products on the fibers of Ex ■ These 
scalar products naturally determine, and are determined by, a triple {"fHiCHHiXH) 
of fields on X, where is a metric, an is an Ex -connection form, determining 
a principal connection form Ah on Rx , and xh is a field of scalar products on the 
associated vector bundle Lx — q{Rx)- 

Proof: The differential of iJ e C°°{Z) is a section dH : Z ^ T*Z, whose first 
jet and tangent map yield the maps 

j\dH)\x : X — > T*Z\x ®x {dH\x)*T{T* Z) = 

^T*Z\x®x {TZ\x®x T*Z\x), 
T{dH)\Tzu • TZ\x^ {dH\xrT{T*Z) = TZ\x ®x T* Z\x 

respectively, where lemma 15.161 provides the decompositions since dH\x = 0. By 
definition, the first components are given by the identity. The second yield maps 

pr2 o j\dH)\x : X ^ ®\T*Z\x) pr2 o T{dH)\Tzu ■ TZ\x ^ T*Z\x, 

where the second map is the bundle morphism corresponding to the tensor field 
given by the first map. 

Since dH\x = 0, pr2°T{dH)\Tz\x vanishes on TX C TZ\x- On the other hand, 
since d{dH) — 0, pr2 o J^{dH)\x defines symmetric bilinear forms on the fibers of 
TZ\x whose kernels contain the vectors oiTX . Thus, it induces symmetric bilinear 
forms on the fibers of the quotient bundle T Z\x /TX = E'^ and an associated 
bundle morphism E^ — > Ex- Thus, pr2 oT{dH)\Tz\x takes values in Ex, and we 
obtain an induced field of forms and a corresponding bundle morphism 

fH:X^S\Ex) fHi:E*x^Ex (3.43) 

as claimed. If the morphism is invertible, we obtain the bundle morphism 

corresponding to a nondegenerate field rj of scalar products on the fibers of Ex ■ 

Restriction of the bundle morphism in 13.4311 to the subspaces TS\x/TX ^ 
E^ yields bundle morphisms 

fH^oTis ^ t^H: TS\x/TX — > Ex 

fnl = {TisY o fH^ o Tis = t^Ho : TS\x/TX ^ ((TX)°)* — > {TXf 

where t^ H and t^-ffo are defined as in the proof of theorem 13. 171 Since is 
invertible and corresponds to a symmetric form, must be invertible, too. In 

fact, it corresponds to a field Ho : X — *■ S^( TX )° of nondegenerate symmetric 
bilinear forms on the fibers of TS\x /TX . By theorem 13. 171 this also means that 
H uniquely defines a metric on X and an E'x-connection form an:, given by 

IH = i-Lo'xTofHl'oi-Lo'x): TX^rX 
a^H = fH^oTisoj^Hl-^o{~Jx):TX^Ex. 
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In addition, an yields a principal connection form Ah in Rx- 
On the other hand, rj^ induces an invertible bundle morphism 

X^H '■ Lx — > L*x 

by restriction and projection. But this is just the bundle morphism associated to 
a field of scalar products xh in the fibers of Lx — g(-RA')- That is, xh is a section 
of the associated bundle {Rx x S'^{Q*))/Aut{2) for the canonically induced action 
on scalar products. The symmetry of xh follows from the symmetry of 77. 

Conversely, a symmetric bilinear form is determined by its restrictions to com- 
plementary subspaces. In particular, since t] is nondegenerate, it is determined 
on the fibers of Ex by its restriction to the fibers of the subbundle Lx and 
their orthogonal complements with respect to rj. On Lx, rj coincides with by 
definition with xh- For the subbundle consisting of the complements, the map 
(Tis)* : (ix)^" ^ {TX_f is obviously a bundle isomorphism. Thus, on the com- 
plementary subspace, 77 is determined by and thus, by •jh- Finally, 

(Lx)^" = v'-'ULxf) = fHi{TS\x/TX), 

and thus, the splitting is precisely determined by o Tis and thus, by the 

i?x-connection form uh- Thus, the triples {-fH, C(h,Xh) and the field t] determine 
each other. □ 

The definitions of j^H^, f hI Xh 

and 7^ can be summarized in the 
following commutative diagram, built up of natural inclusions and projections: 

Lx > Ex {TXf TX 

j^Hl' I^J, (3.44) 

L*^ < £^ ( TS\xlTX T*X 

and a^H=fH^''TisofHl-^o{-J^). 

Corollary 3.23 Let X C S ^ Z be a Lagrangian submanifold of the symplectic 
leaf S of the Poisson manifold Z. Any 1-form h G Q}{Z) with h\x — and such 
that dh\x = uniquely defines a field h : X S'^{Ex) of symmetric bilinear 
forms on the fibers of E^. If the associated bundle morphism j^h^ : E'^ — > Ex is 
invertible, then the inverse bundle morphism defines an associated nondegenerate 
field rj of scalar products on the fibers of Ex and a triple {'yh,Oih,Xh) of fields on 
X, where "fh is a metric, ah is an Ex -connection form, determining a principal 
connection in Rx, and Xh "is a field of scalar products on the associated vector 
bundle Lx — q{Rx)- 

The section H : X S'^{Ex) defines a Hamiltonian function H2 on the 
Sternberg- Weinstein approximation {Z' = E\,m') to [Z^zu) at X. It follows from 
the definitions that 

H^=T^=H[+l*H!,o, (3.45) 

where H[ is the Hamiltonian of the Wong system defined in (|3.41|l , I is the natural 
projection (|3.37() . and is the vertically quadratic function on L'^ defined by 
the bundle morphism Xji^- Thus, the Hamiltonian system of H2 is obtained from 
the Wong system by adding the pull-back of a term quadratic on the fibers of L'^ . 



Xh 
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Definition 3.24 The equivalent systems {Z' , ru' , H2) and {L^, tz/^, H'^+pr'2H2Q), 
where pr2 : i^f ~* canonical second factor projection, will be called the 

Einstein- Mayer system and the gauged Einstein- Mayer system associated to the 
Hamiltonian system {Z,zu,H) at X, respectively. 

Remark 3.25 In 1932, Einstein and Mayer considered a unified theory of grav- 
itation and electricity which was based on an alternative tangent bundle to the 
four-dimensional space-time manifold ([Hlini)- Besides motivating our denomina- 
tion, this work could be regarded as a precursor of Lie algebroid ideas in physics 
before their apparition in mathematics. The Wong system can be regarded a spe- 
cial case of the Einstein-Mayer system (cf remark [5. 6ll . or as an approximation to 
it since it exploits only part of the first jet of dH . Note that it is the invertibility 
of that yields the splitting H3.45|l . Furthermore, the Einstein-Mayer system 

is naturally related to Kaluza-Klein theory by means of a special symplectic real- 
ization, which we will construct in section 15. II This also motivated Einstein's and 
Mayer's work. 



4 Reduced approximation and scalar fields 

Theorem 13 . 2 21 states that if the values of the field H defined by a Hamiltonian 
H are nondegenerate, there is a well-defined field xh of scalar products on the 
fibers on Lx, the scalar fields. In order to identify such scalar fields with Higgs 
fields, we have to modify our formalism so that these fields contain an irreducible 
representation of the right structure group. This can be achieved by a constraint. 

IQ 

Let S C Q ^ Z , where ig is the embedding of a locally closed coisotropic 
constraint submanifold Q. By proposition 11.261 the sub-characteristic distribution 
N(Q) = cc7»((TQ)°)nrQ = n7''((TQ)°) has constant dimension, and by proposition 
11.221 it is integrable to a sub-characteristic foliation C = C{Q). If this is transver- 
sal to the symplectic leaves of Z, and if the quotient space possesses a manifold 
structure such that the projection is a submersion, then proposition 11.231 assures 
that there is a Poisson bracket induced by the projection 

q:Q ^ Z = Q/C (4.46) 

on C°°(Z) ^ C°°{Qf = {/ e C°°(Q)|/ = const on the leaves of C}. If Z fails to 
be a manifold, as in many physical situations, the induced Poisson bracket on the 
latter subspace is still defined and yields the reduced Poisson algebra of *P = C°°{Z) 

^ = C°°{Qf ^il^'yi^m/l, m^m^{€), (4.47) 

as in proposition 1 1 . 271 with C = £q = {/ G *P|/|q = 0} as constraint algebra. 

4.1 Reduced Sternberg- Weinstein approximation 

The map (Tig)* : T*Z\q T*Q induces the exact sequence of bundle morphisms 

(TQ)O^ T*Z\x T*Q\x 0, (4.48) 

and {Tig)* can be seen as a quotient map since T*Q\x = T* Z\x / {TQ)'^^. Let 

Ax = (rg)°. Ex = {TXf c r*Q|x Lx = {ts)'Ix C T*Q\x 

E*x = TQ^x/TX = (Ex)* L*x = TQ\x/TS\x = (Lx)* 
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We call Ax the annihilator bundle, the remaining bundles the (dual) Lie algehroid 
quotient and (dual) Lie algebra quotient bundle at X, respectively. From H4.48|l . 
we obtain the exact sequences and canonical bundle isomorphisms 

O^Ax^Ex^Ex^O Ex^ Ex /Ax (4.49) 

— ^Ax — >Lx — >Lx — '0 Lx=Lx/ Ax- 

Lemma 4-1 The submanifold E'^ C E'^ is given as the common zero level set of 
the functions in T{Ax) C C°°{E^) defined by differentials d€.\x G r(Ax) as in 
corollary \3.1(A Consequently, the fibers of {TE*^)'^ C T*E*^ are spanned at each 
point of E'^ by the differentials of these functions. In particular, the submanifold 
E'^ C E'^ is coisotropic. 

Proof: The first two statements are obvious since the subspaces {Ax)x C {Lx)x 
are spanned by the differentials d^t^ at each point x G X. Corollary 13. 141 further 
implies that the Sternberg- Weinstein bracket of two functions in T{Ax) is given by 
the pointwise Lie algebra bracket in the fibers of Ax- Since Q is coisotropic and 
thus, £ forms a subalgebra of *p, we have {dfx,dgx}x — {d{f,g})x G {Ax)x for all 
f,g ^ € and x ^ X. This finally shows that E"^ is coisotropic. □ 

Definition 4-2 The Sternberg- Weinstein constraint algebra and admissible func- 
tion algebra are the subalgebras of = C°°{E'^) 

-0} and Oa' = 

The pair {Q', where Q' C Z' and the reduced Poisson algebra *P' are given by 

iQ' : Q' = E*x ^ E*x = Z' ^' = i*Q,m' = m'/<t', (4.50) 

is called the reduced Sternberg-Weinstein approximation of Z at X by Q. 

Let us denote by I : E'^ L*^ the dual to the inclusion Lx Ex ■ Obviously, 

l*C°°{L*x) = i*Q,{rC'^{L*x)). (4.51) 

The fact that the Sternberg-Weinstein bracket of functions on E'^ which are pull- 
backs of functions in L"^ only depends on their restrictions to the fibers now al- 
lows us to characterize, by means of two additional assumptions, the elements of 
rC°°{L'^) n *P' which are vertically polynomial. 

First, let us recall from the proof of lemma WJ\ that {Ax)x is a Lie subalgebra 
of {Lx)x for all x G X, and that the fibers of Lx are isomorphic to a fixed Lie 
algebra g. We will make the following assumption: 

The fibers of Ax are all isomorphic to some subalgebra c C g. (4.52) 

We will further make the stronger assumption that for every fiber there exists an 
isomorphism which is the restriction of an isomorphism a G {Rx)x- If -^Aut(g)(c) 
denotes the stabilizer subgroup of c in Aut{Q), this means that: 

The Lie-frame bundle Rx can be reduced to N = -/VAtit(g) (c)- (4.53) 

Definition 4-3 If l|4.53|l is valid, the reduced subbundle of Rx given by 

R'x^X {R'x)x^{aeRx\a:c^ {TQ)°} VxeX, 
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with structure group N, is called the constraint Lie frame bundle. Let S''{Lx) and 
S^{L*j^) denote the i-th symmetric powers. We identify them, by setting 

where c'^ C g* is the annihilator subspace, with associated vector bundles to i?3s: 
for the naturally induced action of on g/c and c'^, respectively. 

Definition 4-4 Let C be the analytic subgroup defined by c C g in some Lie 
group with Lie algebra g, and let ^^(g/c)"-^ and S'*(c°)'^ denote the subspaces of 
invariant elements under the (well-defined) induced Ad^,{C)- and ^d* (C)-action. 
li ki : N GI{S'^{q/c)'~^) are the naturally induced group homomorphisms, we 
define the i 'th quotient principal bundle and quotient structure group by 

Ri^Rx/Ki and Ni^N/Ki, where Ki^keiki. 

We can define subbundlcs of S^{Lx) and S^{L'^) as the mutually dual bundles 

= (i?, X S\Q/cf)/N, L* = (i?, X S\^f)lN. (4.54) 

For i = 1, the quotient principal bundle, structure group, and vector subbundle 

Rx^Ri^ R'xiKx N^Ni = N/Ki U = (Rx x (g/c)^)/iV 

are called reduced Lie frame bundle, reduced structure group, and reduced Lie alge- 
bra bundle, respectively. 

Lemma 4-5 The vertically polynomial functions in I* C°° {L\) fl ^P' are those de- 
fined on by the sections of (Bi>oLi. In particular, 

f(Zx) n<P' = f(Zi), and Li^ {Rx xs)/N with g = 01g(c)/c, (4.55) 

where ^£i(c) denotes the idealizer of c in g, and T{Lx) C l*C°°{L*-^) as before. 

Proof: Let s £ rC°°{L*^) be a vertically polynomial function defined by s G 
T{S*[Lx)), and, using 14.51|l . let s = ig,l, where I G l*C°°{L*^) is the vertically 
polynomial function defined by s G T{S*{Lx)). As in corollary 13.141 let / S 
induce the section df\x of Lx and the corresponding function df\x. As usual, we 
can interpret s, df\x and s as equivariant maps 

|: R^x^S'{g)cC°^{3*) : ^ c C C-(g*) 

s = o I : ^ 5-(g/c) c C°°(c°), (4.56) 

where i^o : c" ^ g* denotes the inclusion. In deed, the restriction to c° of a 
polynomial on g* defined by an element of S' (g) is precisely given by the polynomial 
defined by the natural image of that element in S'*(g/c). 

Let now m e {Ex)x and n = l{m) = [p, d] e g*(i?5f ), p G {Rx)x,d G g*. Then, 

{s,df\x}'{m) ^ X^f^^^{m) -s = {s\[Lx).^df\x\[Lx)Jx{l{m)) 

= {s(p),dl\x{p)}r{d) 

= d/dtU=o{Ad*{~tdf\x{pWS{p){d) 

where {■,-}x and {-j-jg- denote the Poisson brackets on {Lx)x and g*, respec- 
tively. Ad* the coadjoint action, and we used proposition 1 1 . 421 Of course, this is 
independent of the choice of p and d because of the equivariance. 
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Now, since the differentials dfx span {Ax)x = c at each point x E X, and since 
by lemma im the differentials of the functions df\x span {TQ')'^ at each point of 
Q' , this implies that 

se^p' ^ leOT {l,£'}'ce:' 

^ {l,4fU}'M -0 v/ee:,meQ' = ^i 

^ d/dt\t=o{Ad*{-tdl\x{pWi{p)id)^0 ypeR'x,dec° 

^ {{Ad*{-t^\x{pWi.{p)-i{p)){d)=0 VteR 

^ ((Ad*(C))*|(p) VpeR'x,dec° 

^ {Ad*{C)Uoy{s(p)\,o) = Ad4C){sip)\,o)=iip)\,„ ypeR'x 
Ad^{C) o s = s <^ s e f (®j>oi,) 

where Ad*(C) denotes the induced action on S'{q/c) = 'S'*(g)|cO C C°°(c°). This 
proves the first assertion. For i = 1, we have 

[n]e~Q^ ad{c)[n] = <^ yld,(C)([n]) = [n] ^ [n] E {g/cf, (4.57) 

which completes the proof of the lemma. We see also that ii is the maximal 
subbundle of Lx whose fibers posses an induced Lie algebra structure. This justifies 
our denomination for Li. □ 

4.2 The reduced Einstein-Mayer and Wong systems 

Let iJ G *p such that dH\x = be an admissible Hamiltonian. We want to 
show that there are reduced fields on X determined by H = iqH, which define an 

admissible Einstein-Mayer Hamiltonian on Q' \i H E *p. 

Theorem 4-6 Let X C S ^ Z be a Lagrangian submanifold of the symplectic leaf 
{S,uJs) of the Poisson manifold {Z, zu), and Q a constraint manifold as above. Let 
H E C°°{Q) be such that dH\x = 0. Then, there is a natural field H : X 
S'^{Ex) of symmetric bilinear forms on the fibers of E'^ defined by H. If H = igH 
for H E then H2 — iQiH!^, where iqi : Q' ^ Z' is the inclusion in i4.5U[ l, H2 is 
given by and H'^ = H E C°°{Q'). Furthermore, H E^ implies H'2 E *P'. 

Proof: If dH\x = 0, we can obtain the field H from the first jet of dH : 
Q — > T*Q in the same way as H was obtained from H. Without restricting the 
generality, we can always assume that H = IqH for some H E ^ with dH\x = 0. 
Then, the bundle morphism yields the bundle morphism by restriction 

of the corresponding symmetric bilinear form according to 

fm^iTiQ)*\xoj''HKTiQ\x: E*x-^Ex. (4.58) 

This is equivalent to H2 = iQiH!^- We need only to show that _ff e *p implies 
ii^ e *P' or, equivalently, H E^ implies E^'. 

Since Q is coisotropic, the Hamiltonian vector field Xf of a function / e £ is 
tangent to Q. Thus, its flow defines a local family of diffeomorphisms exp{tXf) : 
Q ^ Q,t E M.. By abuse of notation, we omit the restriction of Xf to Q. There are 
the canonically induced cotangent bundle morphism r*exp(tXj) and first order 
jet prolongation Ji(r* exp(tX/)) : J^{T*Q) J^{T*Q) (cf e.g. p. 45f) over 
r*exp(tX/) and exp(tX/). Now, since df\s E {TQf\s C {TSf, Xf vanishes on 
S. Thus exp(tX/) induces the identity map on S and, in particular, on X. Thus, 
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we can restrict all of our bundle morphisms to X. Furthermore, since T* exp(iXy) 
is linear in the fibers of r*Q, it maps the image of the zero section identically onto 
itself. Thus, we obtain a bundle morphism 

J\T*Q)l. J\T*Q)l. (4.59) 

over Idox ^-^d Idx, respectively, where ox X C T*Q\x denotes the image of 
the restriction of the zero section of T*Q to X. 

On the other hand, we have the commutative diagram 

T*Q\x ®ox T{T*Q)\ox T*Q\x ®x {TQ\x ®x T*Q\x) 

T (4-60) 

J\T*Q)\ox T*Q\x®xT*Q\x 

where the upper identification is provided by the natural splitting of T{T*Q) over 
the zero section of T*Q as in lemma 13.161 the left vertical map is the natural 
inclusion, the right vertical map is obtained by requiring that the first component 
be the identity map of T*Q\x in T*Q\x <^x T*Q, and the lower identification is 
then defined by commutativity. It is easy to see that under this last identification, 
()4.59() corresponds to the bundle morphism 

®^T*eMtXf)\x : T*Q\x ®x T*Q\x ^ T*Q\x ®x T*Q\x (4.61) 

over Idx, which is precisely the induced action of exp(tXj) on covariant 2-tensors 
on Q, restricted to X. Note that since Xflq is tangent to Q, and X is preserved, 
there are also induced bundle morphism on Ex and E"^ and there respective tensor 
powers. 

Now, by the defining property of the first order jet prolongation, we have for 
the section dH : Q ^T*Q 

J^{T* exp{tXf)) o J^{dH) oexp-^{tXf) = J^{T* exp{tXf) o dH o exp-^{tXf)) 

= j\exp{~tXf)*dH) 
= j\d{exi,{-tXfyH)). (4.62) 

Under the identifications of diagram H4.6()|l {dH\x — dH\x — 0), (|4.61|l and the 
induced bundle morphisms on Ex, this yields (since Xf\x =0) 

®^T*exY>{tXf)\xofH^f{exp{-tXf)*H) V/ £ £, (4.63) 

or equivalently, 

hx,{fH) = f{-XfH) (4.64) 
*^,(Lx,(j^ff)) = i*Q,{jy{-XrH)) 

V{ff2,4fU}' = FF^TTTff}) V/eC. (4.65) 

Here, we used (|4.58ll . as well as coroUarv 13.101 Notice that the Lie derivative is 
well-defined with the help of an arbitrary extension around X. 

Finally, we know from lemma UTI that the differentials of the functions of the 
form df\x span {TQ')° C T*Z'\q' at each point of Q' . Hence, it follows from H4.65|l 
that Hem implies H!^ e m' and thus, e □ 
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In the same way as we obtained a metric and a i?x-connection form on X from 
H, we can obtain corresponding reduced fields from H. Indeed, composing 

the maps of diagram \'6 . 441 with Tiqlx and {TiQ)*\x (or the induced maps), taking 

into account H4.49|l . we obtain the diagram 



Ex > (TT)" TX 



,1' S-tt-i 



.66) 



L*j^ < E*^ ^Tis_ j^g^^jrpx L^f^ T*X 



with a% = j'^moTisofHl-^oi^Jx) = (TiQ)*oa^, (4.67) 

where the reduced fields are denoted by tildes as ij, af^ etc (with Hq — 

and "fjj = 7ff). The form a^j on X will be called the Ex-connection form defined 

by H. More precisely, we have the following result. 

Theorem 4-7 If the morphism defined hy H — IqH as in i4.5S]) is invert- 

ible, it uniquely and naturally defines a bundle morphism jf , as well as bundle 
morphisms x'^? 7^ ^^n-d as in j4.6'6] ) and | |/^.6'?| ) above, which correspond to 
bundle metrics fj on Ex and Xj^ on Lx, o metric 7^ and an Ex-connection form 
on X, respectively, fj and the triple {iHjOifjjXn) determine each other. 
Furthermore, suppose that _ff G and that the assumptions \4.5'^4-5^ are 
valid. Then, for every X G X{X), ixOifj € T{Ex) H , and a^j defines a prin- 
cipal connection form Afj on Rx taking values in ad{Q). Finally, the field Xh 
corresponds to a section of defined in {4.54\j . 

Proof: The first assertion of the theorem is a consequence of theorem l3.22l and the 
definitions of diagram H4.66|l above. We only need to prove the second assertion. 
Let -ff e <P, that is, H ^ i*QH with H e ^. imphes that for aU / e £ 

T*eMtXf)\xofH^oTeM-tXf)\xoTisoj^H^^-^ o {-lo),) = 

= fmoTzsofHt'o{-Jx) 
T*expitXf)\xoa%^a% 

since exp{—tXf) induces the identity on 5. Using corollarv l3.10l this implies 
Lxfiixo:^) i*Q'ihxfiixo:H)) = i*Q,{ixctH,df\xy = 

^ er{Ex)nm' 

)er{Ex)n^' V/ e CAT e x^x). (4.68) 

Since T{Lx) Ci — r(Li) by lemma H31 it follows from this that a^j defines 
an adjoined action on r(Li) by the reduced bracket on *P' and thus, a covariant 
derivative on r(Li). Since by definition, the structure group N acts effectively on 
the standard fiber of Li, this determines a principal connection form on Rx. We 
claim that this is a form 

Afj : Rx — > ad{g) C n = Lie{N) = n/h, 

where n = Lie{N) and li = Lie{Ki). Since the map ki : N Gl{g) of defini- 
tion ^3 is in fact to Aut{Q), and since the covariant derivative is defined by an 
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adjoined action, must indeed take values in the inner derivations of g. Elemen- 
tary verification confirms that {ad{Q) n n)/{ad{Q) n ti) = ad{^gc) / ad{c) — ad{Q). 
Alternatively, we deduce form (|4.()8|) and lemma that the form Ah — A"'' on 
Rx takes values in ad{2) n n = ad(^gc), and consequently, restricts to i?3s:- The 
equivariance of principal connection form implies that the composition of Ah\r'^ 
with the induced Lie algebra map iie(fci)|a(j(OToc) ■ ac?(01gc) ad{Q) is constant 
on the fibers of the projection pr : R^^ — s- Rx, and Lie{ki) o Ah\r''^ = pr*Afj. 
From H4.64|l . we deduce that for G 0^, we have 

Lxf i fH) =0 = Lxff] V/ e £. (4.69) 

by duality. Recall that the Lie derivative is well-defined with the help of an arbi- 
trary extension. Now, fj G T(S'^E^) can be seen as a function on Ex and thus, 
restricted to a function on Lx- Since the fiow oi Xf preserves Lx, it has an induced 
action on C°°{Lx), and in particular, on the restriction of the function defined by 
fj, which is defined by Xh ^ ^(S^Zjf). Hence, from (|4.69|l follow 

^XfXH = V/ e £ ^ e t{s^Lx) n = f (Z2) ^ e r(Z;), 

where fH^f) is the function defined by X/^^ on L*^, and we used corollarv l3.10l as 
well as lemmas 14.11 and 14.51 This completes the proof of the theorem. □ 

Corollary There is a well-defined curvature — of a^, given by 

$^(^-1,^-2) = {0^(^-1), 0^(^-2)} -a^([^i,A'2]) VA'i,A'2 eXH^), 

taking values in Li. Furthermore, the curvature form of Afj takes values in ad{Q). 

Corollary 4-9 Let H[—H'^o (a^^)* , where : TX Ex, and Hq denotes the 
Hamiltonian defined by on T*X . Then, H[ G 

The restriction of ipn to Q' is obviously given by the bundle isomorphism 

= Me'^ = ((4)*'0 : ^ T*X (Bx L\ =: L\ C L\. 

Thus, L\ is a coisotropic submanifold of {L\,-cdh)- We set = 

Definition 4. 10 The triples {Q',^',H[) and {L\,^'^,prlHlf) are called the re- 
duced and reduced gauged Wong systems associated to {Z,zu,H;Q) at X. The 
triples (Q', .^2) and {L\,'^'^,prlH'Q -\-pr2H2Q) are called the reduced and re- 
duced gauged Einstein-Mayer systems associated to {Z, w, H\ Q) at X. 

4.3 Structure of the scalar fields 

Here we characterize the elements S'^(c°)'-^ which appeared as the values of the 
scalar fields Xr defined by H, i.e., Ad»(C)-invariant scalar products on g/c, in the 
following example of Manton ^22^ : 

= so(3) ® su(3) c = A(so(2) © u(l)) ^ u(l) 

G = S'0(3) X 5J7(3) C = A(S'0(2) x U{1)) ^ C/(l), 

where A we denoted the diagonal with respect to the standard identifications 
50(2) = U{1) and so(2) ^ u(l). A possible realization is, for a e [0, 27r[, 

( / /cos(a) - sin(a) 0\ fe"" \ \ 1 

C= <^ /i'' := sin(a) cos(a) 0,0 e"^ > C SO{3)xSU{3), 

[ \\o i/yoo e-^""] J J 
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—a 


a 





~c 


b 



1 j ia b + ic 

2 \—b + ic —ia 



esu(2), (4.70) 




i{9 + f) 7 5 

-7 £ I I ^ = su(2)®su(3) 




—5 —£ —'^ig ) 
ia Q ^ \\\ 

Q ia I = A(u(l)©u(l)) 

-2ia) ) J 

with a,f,g € M and f3 — b + ic,"f, 6, e G C. That is, we have eleven real or, 
alternatively, three real and for complex linear coordinate functions on g. These 
form a basis of g*, and obviously 

c° = (/?, /,5-a,7,'5,e) C g* = (a, /3, /, g, 7, (5, e). 

The coadjoint action of G C on g* reads explicitly 



Ad^h") 



a I — > a g > — > g (3 1 — > e '°/3 ^ 1 
/ I — > / 71 — > 7 



Generally speaking, every irreducible representation of U{1) is isomorphic to one 
of the (complex) representations 

p„:C^C/(l) — > C/(l) C GL(1,C) — >e™" nGZ 

for precisely one n 7^ 0, while po decomposes into two copies of the trivial one- 
dimensional real representation. Thus, our decomposition reads 

c" = (M)4 e c e (C)2 = (/, 71, 72, <? - a) e (/?) e (,5, e) 

where the three terms contain the subrepresentations with n = 0, n = — 1 and 
n = —3, respectively, and the exponents count respective multiplicities. 
Recall that there is a canonical isomorphism (cf e.g. 1^, III 1.10) 

®2(cO)C9.i7omc(0/c,cO) (4.71) 

of the space of invariant bilinear forms on g/c with the space of C-equivariant 
homomorphisms of g/c and its dual representation. Also, by Schur's lemma, a 
homomorphism of irreducible representations is either an isomorphism, or zero. 

Now, the trivial real one-dimensional representation is clearly isomorphic to 
its dual representation, and for every (underlying real) representation p„, n 7^ 
of C, the map z 1-^ 5{z) with 5{z){w) = 5R(zw) for z,w ^ <C provides an iso- 
morphism with the dual representation, corresponding to the invariant real scalar 
product {z,w) ^ 5R(zw) induced by the natural hermitian form on C. Thus, ev- 
ery irreducible representation is isomorphic to its dual and thus, not isomorphic 
to the dual of any non-isomorphic representation. In addition, the space of such 
isomorphisms is one-dimcnsional in all cases. In deed, this is trivial for the trivial 
representation. For p„ with ri 7^ 0, given another C-invariant real scalar product 
on C, it is necessarily the real part of a hermitian form on C, and the composition 
of the two corresponding isomorphisms would yield an equivariant isomorphism of 
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C as a complex representation, which by Schur's lemma must be a multiple of the 
identity. Hence, the space of hermitian forms is complex one-dimensional, as is the 
space of symmetric forms. 

As a result, the Ad, (C)-invariant scalar products on g/c are precisely the el- 
ements 5*^(0°) corresponding to the quadratic function on g/c given in matrix 
notation by 

q={fli 72 (5 - a))A{f 71 72 {9 - a)f + + {Se)B{6ef, 

where T denotes transposition, A G Syrn{4:,M.),l E M, and B G Herm{2,C), that 
is, A and B are symmetric and hermitian matrices, respectively. Thus, 

^^(c")"^ = Sym{4:, M) R © Herm{2, C) ^ M^" M © W^. (4.72) 

Remark 4-11 We notice that in [2H|, Higgs fields are modelled by Hermitian 
forms which appear in the interaction term between spinor fields. 

Next, we want to decompose the space (|4.72ll into irreducible subspaces un- 
der the action of the reduced structure group. Note that since G is semi-simple, 
Aut{g) = Ad{Q), and since G and G are both connected, Nc{G)/G — Ng{c)/G. 
It follows that N = Ad^,{NG{G)/G), and thus, it suffices to consider the coadjoint 
action of G = Ng[C)/G or q — 9lg(c)/c on c°. It can be shown (0) that (locally) 

loc 

G ^ Nsoi3){SO{2))/SO{2) x Zsui3){U{l)) = Z2 x U{2) 



u 

-1/ 



,uEU{2)\^U{2) 



det"'(-u)^ 

= 9T.o(3)(so(2))/so(2)x3.u(3)(u(l)) = |(^Q _^°^^^,C/Gu(2)|-u(2) 

which act only on the su(3) part. In particular, a and (3, and thus Z|/3p and 
I are unaffected by G. Furthermore, recall that U{2), which is isomorphic to a 
semi-direct product SU{2) x t/(l), is doubly covered by the map 



where j/xp -I- \v\'^ = 1 as usual, with the corresponding Lie algebra isomorphisms 
given by su(2) © u(l) ^ u(2). Recall that SU{2) x U{1) would be the structure 
group of standard electroweak gauge theory, with su(2) ©u(l) as structure algebra. 
Let now n G G, and X G 5u(3), and u — sz G U(2) such that such that 



u \ /sz 
det~^(u)y ^ \ z-^ 



s G SU{2),ze U{1). 



Then, the action of n on S (c ) , parameterized by the triple {A,l,B), reads 

. _ f A' w\ fAd^{s)A'Ad-\s) Ad^{s)w 

^-[w^ d) ^ [ w^Ad-^{s) d 

B I — > sBs-^ I I — > I, 

where A' G Sym{3,M.), w E M.^ and G M. Because of the canonical identifica- 
tion Herm{2,C)o B X 1-^ iX G Antiherm{2, C)q = su(2), where the subscript 
denotes the traceless subspace, the action on B decomposes in fact into a trivial 
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one-dimensional and the adjoint representation of SU{2). That is, the space of 
invariant symmetric two forms on c*' as in (|4.72l) decomposes under G as 

S^{c°f = (S'ym(3,M)o©M®M3©R)©M©(i7erm(2,C)o©M) 
= (M-^) © © {R^f, 

where the trivial representations (M) correspond to tr{A'), d, I and tr{B), and (M^) 
is the coadjoint representation of SU{2). 

5 Local Kaluza-Klein realization 

Finally, we would like to study the link, provided by the idea of symplectic realiza- 
tion, of our constructions with classical gravitational, Yang-Mills and Kaluza-Klein 
theory ( |14l 1191 117| ). which also inspired Einstein's and Mayers' work (|Hlini)- In 
addition to our earlier notation, let p : {W, cu) — > {U, w) be a symplectic realiza- 
tion of dimension dmin at G X HU oi an open subset U C Z, whose level sets 
define the foliation T in W with connected leaves. Theorem 11.311 implies its local 
uniqueness up to symplectomorphism. As before, V = S OU , but suppose X cV 
for simphcity. Let the surjective submersion p\y : V = p~^{V) V he defined as 
in (|1.1U|) . and suppose that V is a fiber bundle with standard fiber F. Note that W 
does not need to be split. Then, we define the restricted bundle Y C V over X by 

Y^p-\X)^X P = p\y- (5.74) 

We call iy ■ Y ^ W the inclusion. 

5.1 The Kaluza-Klein realization 

The total space F is a Lagrangian submanifold of W, since it is coisotropic as 
the preimage of a coisotropic submanifold, and from lemma 11.321 it follows that 
2 dim Y = 2 dim X + 2 dim F = dim V + dim N = dim W. Thus, the Sternberg- 
Weinstein approximation to Vt^ at y is given by 

W' = TWiy/TY^^^ T*Y, = w^Itf : TF ^ (Tr)°, 

where (— Wy)* is a symplectomorphism for the canonical symplectic structure on 
T*Y as in coroUarv lTTII 

Proposition 5.1 The projection p' : W' U' induced by Tpjy yields a symplectic 
realization of U' . If the quotient T ~ W j by the orthogonal foliation to T has 

a manifold structure such that we have dual pair T ^ W ^ U, there IS a 
projection X' induced by TX\y and a dual pair 

T' ^ [/', (5.75) 

where U' is the Sternberg- Weinstein approximation of U at X C\U , and T' is the 
Sternberg- Weinstein approximation of T at Iq. In addition, we have T' = ■ 

Proof: li X <^ then U' is of course the restriction of Z' = E*^ to X n [/. 
So we can suppose X C U as. above. Since p is a surjective submersion, the 
same is true for p' . For local Darboux coordinates {x^ ,p^,ra) on J7, inducing 
local Darboux coordinates (a;^, [p^], [fa]) on U' as in proposition 13.91 it is always 
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possible to choose Darboux coordinates {x^ — p*x'^,Pf_, — p*p^,y°' ,pa) on W, 
inducing Darboux coordinates {x^^^[p^] = {p')*[pp],y°',[pa]) on Z' = T*Y which 
are holonomic with respect to coordinates {x^^Iy, on F. In these coordinates, 

direct calculation shows that p' induces the Sternberg- Weinstein Poisson structure. 

Furthermore, suppose that T = W/T-^ is a manifold such that A becomes 
a submersion. As before it follows that H5.75|l forms a dual pair. Lemma 11.331 
implies that the symplectic leaf in T corresponding to V and thus, any Lagrangian 
submanifold inside it is reduced to a point Iq, and T' — Ti^T ^ qI (cf (|1.12|l V □ 

Definition 5.2 The Sternberg- Weinstein approximation W' = T*Y will be called 
the Kaluza-Klein realization of Z at zg- We call tt : W' — > Y the natural projection. 

Corollary 5.3 The Sternberg- Weinstein approximation of the Sternberg- Wein- 
stein phase space T*P/G associated to a principal fiber bundle P ~> B with struc- 
ture group G at B <Z T*B is naturally isomorphic to T*P/G. 

Proof: Obviously, T*P is a global symplectic realization of T*P/G of dimension 
drmn- Furthermore, the canonical isomorphism {T*Py = T{T*P)\p/TP ^ T*P 
is symplectic and compatible with the projection maps p : T*P T*P/G and 
p' : T{T*P)\p/TP T{T*P/G)\b/TB since p is defined by a fiberwise linear 
action of G. Thus, it induces a natural Poisson equivalence of the quotients. □ 

Lemma 5.4 Suppose that the surjective Poisson submersion A' : W' — 3^ 

in vrovosition JS~J\ exists. Then, the fibers of p'\y are given by the orbits of a local 
right action of the connected and simply connected Lie group Gi with Lie algebra flL 
on Y , and the fibers of p' are given by the orbits of the canonical Hamiltonian lift to 
W' = T*Y of this local action, which in addition is locally free. Furthermore, there 
is a natural bundle morphism a : Y ^ Rx over Idx which is locally equivariant 
with respect to the canonical homomorphism Ad : Gi ~> Aut{Q). 

Proof: It follows from the proofs of propositions 1 1 . 40l and 1 1 . 4H that A' induces a 
local right action of the Lie group Gi on W' , and that the fibers of p' are given by 
the orbits of this local action. The fundamental vector fields of e gL C C°°{gl) 
is the Hamiltonian vector field of —{X')*D. Since A' is a surjective, it follows that 
these Hamiltonian vector fields span TW' at each point and thus, the action is 
locally free. For y e Y, X'\y : TyW/TyY = T*Y ^ gL is a linear map, an thus, 
— {X')*D\T--'yY is a linear function, that is, an element of Tj,y. Hence, —{X')*D is 
a vertically linear function on W' ^ T*Y given by a vector field Dy G X{Y). 

On the other hand, it is well-known that the Hamiltonian vector field of a 
function defined on T*Y with its canonical symplectic structure by a vector field 
on Y is precisely the unique Hamiltonian lift of this vector field. In particular, 
Dy = X_(^yj,£)\Y. Thus, the local action of Gi on T*Y is the unique Hamiltonian 
lift of the restricted local action on Y. Consequently, we can define the map 

a:Y^Rx a{y){D) ^ {pr^ o o p*)-' o DyM VI? G g 

where p* is the bundle morphism defined in (|5.78l) . Note that o p*){Y Xx 

{TV)°-^) = VY so that we have in deed a{y) : g — > Lp(y-), and since uj^ and D — > Dy 
and are Lie algebra anti- automorphisms (since g is anti-isomorphic to q-l), and p 
is Poisson a morphism, this is a Lie algebra isomorphism. On the other hand, a is 
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equivariant since 

a{vg){D) = {pr2o(p*)-^oJ' oDY){yg) 

= {pr2o{p*r'oJ>o TRg o {Ad, {g){D))Y)iy) 

= {pr2 ° (P*)-' o {p'ygJ*oJ o {Ad4g){D))Y){y) 

{a{y) o Ad,{g)){D) = (pr2 o o o ((Ad,(.g)(i?))y)(2/) 

where i?g : F ^ F denotes the action of g G Gi on F whenever it is defined, and 

Pvg,9 = P'\TyW/TyY ° P'\Ty,W/Ty,Y TygW/TygY TyW/TyY 

since we saw above (ri?g)*o(—aj^)* = {-i^Y)*op'yg^g- We then used |yxx(TX)o = 
(tt, p'Y for last two equaUties (cf lemma l5. 11(1 . □ 

Proposition 5.5 Suppose that \ -.W T exists. Let H £ C°°{U) be a Hamilto- 
nian such that dH\x = 0, and K G C°°{W) such that dK\Y = and p^Xk = Xh- 
Then, the Einstein- Mayer systems {W' ,10' , K2) and (U' ,vu' , H2) are p'^-related. 
Under the usual non- degeneracy assumption, K'2 = , where k is a metric on Y, 
and we wrote for the section of S^{TY) defining k!'"^ . Furthermore, we have 
a decomposition 

R'^^{prr^ + {\rTr\ (5.76) 

where i is a scalar product on Ql, md the term {p')*f]~^ corresponds to a Gi- 
invariant metric for the (local) Gi- action of lemma \^^\ 

Proof: If A exists, Lemma Fl . 161 vields a decomposition K — p*H + A* J for some 
J e C°°(T). Thus dK = p*dH + X*dJ, and similarly as in the proof of theoremgSl 
this implies if 2 = (p')*^2 + i^'T where J 2 is the Einstein-Mayer approximation 
of J at /q. This yields (j57H|l with = J^, and p'-^Xk'^ = Xh:^. The term ip')*fj~'^ 
is a Gi-invariant function which is quadratic on the fibers of W = T*Y, and thus, 
corresponds to a Gi-invariant metric on Y. □ 

Remark 5. 6 Recall that given a function K as above, the decomposition of lemma 
II. 161 is not unique. In the Einstein-Mayer approximation, the fields an and 7 are 
obviously well-defined, while the fields xh ^'^'^ ^-re defined up to a Casimir func- 
tion. If we can choose H and J such that the field xh vanishes, then the projection 
of the Kaluza-Klein metric dynamics coincides with the Sternberg- Weinstein sys- 
tem, and we will call k (or 77) of Sternberg- Weinstein type (e.g. in proposition 
ll.5()|l . If we can make the choice such that t vanishes, then we will say that k is 
of invariant type (e.g. ii K = p*H). If both cases happen simultaneously, we will 
then say that k (or rj) is of ad-type. This happens iff xh and l both correspond to 
an ac?(g)-invariant scalar product. Other cases will be called of mixed type. () 

Nonlinear metric Hamiltonians. Darboux's theorem implies that the local 
symplectic realization W is locally isomorphic to its Sternberg- Weinstein approx- 
imation W' = T*Y, and it can be shown that the symplectomorphisms can be 
forced to induce the identity on Y identified with the zero section in T*Y. Thus, 
we have an inclusion iw ■ W ^ T*Y identifying W with an open neighborhood 
of the zero section in T*Y. Consequently, it becomes simultaneously a symplectic 
realization of U and its Sternberg- Weinstein approximation U' . If if S G°^{W) is 
such that p^Xk — Xh for a ii G G°°(C/), the inclusion iw allows us to assume 
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that K is well-defined by a metric on Y , that is, that K = Then, proposition 
15 .51 implies that we also have p'^^Xx = X^i^. In summary: 

Hence, we can consider the Poisson structure ccj as a nonlinear deformation of 
the Poisson structure n?', obtained by a nonlinear deformation in W of the foliation 
T' defined by p' to the foliation J- defined by p. Equally, the metric Hamiltonian 
system defined by H appears as a nonlinear deformation of the Sternberg- Weinstein 
system defined by Hl^. The fact that both systems are projections of a system 
defined by the same metric k restricts the possible deformations to the natural 
subclass. In particular, it can be shown that the equations of motion obtained 
in this way are natural non-linear analogues to the Wong equations, involving a 
non-linear Yang-Mills potential and field strength. Here, we will just state an 
interesting result which is an easily proved in local coordinates. 

Definition 5.7 A metric k for which the induced Hamiltonian vector field projects 
to a Hamiltonian vector field on U will be called a projectable metric. A Hamilto- 
nian H obtained from a projectable metric will be called a metric Hamiltonian. 

Theorem 5.8 IJ Z is linearizable at the leaf S D V, then, locally and in linear 
coordinates, any metric Hamiltonian H defines equations of motion which coincide 
with the equations of motion of the corresponding Einstein- Mayer approximated 
system. That is, the dynamics is entirely given by the symmetric bilinear form rj 
defined in theorem \cl.2iA 

Remark 5. 9 Since the Lie algebras common in physics are semi-simple of com- 
pact type, or semidirect products with R, theorems 11.381 and 15.81 imply that the 
Wong equations are the most general Hamiltonian equations of motion for particles 
obtained as the projection of geodesic motion on some higher- dimensional space. 

5.2 Local g- valued principal connection forms 

Since our iJjf -connection forms are locally g- valued (cf definition l2.12|l . we expect 
them to be related to g-valued principal connection forms. This is in deed the case. 

Lemma 5.10 Let 6 : V T*V (E)v E\v be the restriction to V of an E -connection 
form. There is an associated connection on the bundle p\y : V ^ V given by the 
bundle morphism 

9 = - J-'^ o p* o{Idy,e^) : V XV TV ^ TV, (5.77) 
where p* : W Xjj T*U (TT)° C T*W (5.78) 

is the canonical bijective morphism of fibred manifolds over U induced by the sur- 
jective submersion p : W U . 

Proof: Because of lemma [T3^ T (IV, i.e. the fibers of p\y : V ^ V, form the 
characteristic foliation of the coisotropic submanifold V C W. This implies that 
LU^~'^{TT)°\y) = TV. Thus, the bundle morphism 9 is well defined. In order to 
show that it defines a connection in p : V ^ V, it remains to show that 

{ry,Tp)oe^Idy^^^y. (5.79) 
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But for any v £ V, u e p ^{v), 11.3|l implies that 

TuP o o o ei = (-n7«)„ o = Mt^v 

since 9 is an i?-connection form. Since both sides of H5.79|) are bundle morphisms 
over Idy, this proves the lemma. □ 

Lemma 5.11 Let a : X T*X ®x Ex he an Ex -connection form. There is 
an associated connection on the bundle p : Y ^ X defined in ^5.74^ given by the 
bundle morphism 

a ^ -J-^ o p* o{IdY,a^) : YxxTX-^TY, (5.80) 

where p* is the bundle morphism jS. 78)) , whose restriction to Y Xx {TX)'^ is pre- 
cisely the dual to p — (7r,p'). 

Proof: Lemma fH.4l allows us to look at a as the restriction of an _E-connection 
form 0, and we have a ^ o [iy^Tix)- Since (Ty,Tp) o = Idy^^rpy, it follows 
that (ty, Tp) o d = IdyxxTX^ and in particular, this shows that a takes its values 
in TY. Thus, a defines a connection on Y. By definition, the restriction p* : 
Y Xx {TXf {TYf is dual to p = {n^p') : TW\y/TY Y XxTZ\x/TX. □ 

Lemma 5.12 Suppose that X' exists and is complete. Then, the bundle Y is a fiber 
bundle with homogeneous standard fiber Gyg\Gi, where Gy„ is the discrete stabilizer 
subgroup of a point yo S F, and the Gi-action corresponds to the right action of 
Gi on Gy„\Gi. In particular, if Gy^ is normal, then Y is a principal bundle 
with structure group G = Gj^„\Gi. Furthermore, we have natural isomorphisms 
Lx = QiY) and L\ ^ T*X Xx Q*{Y), with respect to the (co)adjoint action of G. 

Proof: From our definition of Y , it follows that there are local trivializations 
Yi Xi X F, where {Xi,i G /} is an open covering of X, Yi = p^^{Xi), and 
F — p~^{zo). On the other hand, the local Gi-action constructed in lemma l5^ 
extends to a global action if A' is complete. Since we assumed that F was connected, 
this yields a locally free transitive action on F, and thus, via the choice of yo G F, 
a diffeomorphism F = Gyg\Gi as claimed. Note this map will be Gi-equivariant 
since it is induced by the restriction of a Poisson morphism. If Gy^ is normal, 
then Y becomes a principal fiber bundle with structure group G, and the bundle 
morphism a of lemma induces the isomorphisms of associated bundles as stated 
in the lemma defined by g{Y) 3 [y, D] i-^ Fi] G Lx etc. □ 

Proposition 5.13 Under the hypotheses of lemma [5.1 SI suppose that Gyg is a 
normal subgroup. If a is an Ex -connection form, then the connection on Y induced 
by the associated bundle morphism a defined in 15. Sf))) is a principal connection 
corresponding to the Qi^- valued form A onY given by the bundle morphism 

^pr2 o (-60^-1 o A*)-i o {Mty - a o (ry,rp)) : TY ^ Ti*T = 0l 
where X* :W Xr T*T {TT^f C T*W 

is the canonical bijective morphism of fibred manifolds over T induced by the sur- 
jective submersion A : — > T. Furthermore, ado = {a*A°')^. 

Proof: First, we note that A can be defined as a principal connection form on a 
covering space if Y is not a principal bundle. Here we regard only the special case. 



42 



In the proof of lemma we saw that the fundamental vector field induced by 
D e 0L C C°°(T') at y e y was given by 

DY{y) = X_vd(2/) = -uj'-^ o \*{y,D) (5.81) 
where - iJ'-^ o A* : Y xT^J — > (^f ){V — > VY 

is a bundle isomorphism since V = flemma is coisotropic with a 

characteristic foliation given by the fibers of p = p|y (lemma [l.32f) . But (|5.81|l 
implies that A{I)y = {IdrY -ao (ry, Tp)){I) for aU / G TY. Thus, the vertical 
projection corresponding to d is given by / ^ A{I)y- Thus, A will be a principal 
connection form corresponding to d iff d is equivariant, that is, if TRg o a = 
a o {Rg, Idrx) for all g & G. But this follows form a similar calculation as at the 
end of the proof of lemma 

Finally, the fibers of the Ad, -equivariant bundle morphism a : Y —>■ Rx, are 
precisely the orbits of the center Z = kerAd, C G. Thus, the G-equivariance of 
A implies that ad o A^ is constant on these fibers. Furthermore, it is easy to see 
that ado A and A" induce the same covariant derivative on Lx = 0(^)1 and thus, 
adoA^^ {a*A°')^ as claimed. □ 

Corollary 5.14 The Qi^-valued curvature 2-form F = dA+^[A, A] of the principal 
connection A corresponding to a is given by the bundle morphism 

= -pr2 o (A*)-i o p* o (4, ($")^ o A^Tp) : A^TY ^ TfJ = g^, 

where Ty : A'^TY Y is the natural map, and ($")'' : A^TX Lx is the 
bundle morphism defined by curvature of a. Furthermore, ad{F) — a* F" , where 
F" denotes the curvature 2-form of A" . 

Proof: The map {IdxY, a'') ° {ty, Tp) = (ry, °Tp) is the horizontal projection 
corresponding to A. For Xi,X2 G X^{Y), we have, writing Tp{Xi) for TpoXx etc., 

{IdrY -do (TY,Tp)){[a o (ty ,Tp){Xi),a o {ty ,Tp){X2)\) = 
[ao{TY,Tp){Xi),ao{TY,Tp){X2)] - 

-d o {TY,Tp){[a o {TY,Tp){Xi),do {ty ,Tp){X2)]) 
= [ao{TY,Tp){Xi),ao{TY,Tp){X2)]-a{[(TY,Tp){Xi),{TY,Tp){X2)]) 
= [d o {ty , Tp) {Xi),ao {ty , Tp) {X2)] - d o (ry , Tp) ( [Xi , X2] ) 

— [—U!^^^ O p* O {ty,Q^ O Tp){Xl), —LU^^^ O p* O {TYjCt' O Tp){X2)] + 

+J-^op*o{TY,a^oTp){[Xi,X2]) 
= -J-^ o p* o (4(^-1 A X2), {a^ o Tp{Xi), o Tp{X2)} ~ o Tp{{Xx,X2\)) 
= -J-^op* o {T^{XiAX2),{a{Tp{Xi)),a{Tp{X2))} - ai[Tp{Xx),Tp{X2)])) 
= -J-^ o p* o (4(^-1 A X2), ($")^(rp(A'i) A Tp{X2))) 
since —uj^~^ o is a Lie algebra isomorphism. On the other hand, 

F\Xi,X2) = dA{ao{TY,Tp){Xi),ao{TY,Tp){X2)) 

= -A{[ao{TY,Tp){Xi),ao{TY, Tp) {X2)] ) 

= -pr2 o (A*)-i o p* o {t^{Xi a X2), A Tp{X2))) 

This last assertion follows easily. □ 

Remark 5.15 Recalling that £^x-connection forms are related to global ad{2)- 
valued principal connection forms, we could say that localization allows the passage 
from the adjoined structure group to the group itself. A similar transition appears 
in the duality of certain quantized gauge theories. |12, (> 
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5.3 Reduced Kaluza-Klein realization 

Let V C Q ^ U he a. locally closed coisotropic constraint manifold. Then 

is obviously a coisotropic submanifold in W. Let C denote the characteristic folia- 
tion of Q, and suppose that there is a reduction of W via Q given by 

q:Q — >Q/C=:W, such that {W, (5.82) 

is a symplectic manifold with the reduced symplectic form Co. If we define con- 
straints and admissible functions by 

£ = {/GC°°(iy)|/iQ = o} m^mco.^w)i^), 

we obtain the canonical isomorphisms = = C°°{W). 

w 

Since Q is a union of leaves of the foliation J- defined by p, C is a subfoliation of 
the orthogonal foliation T-^, which we suppose to define a submersion X : W ^ T, 
and C Vt. Consequently, there is a unique map A : — > T such that X o i^ = 
A o g, every A*/ G reduces to A*/ G C°°{W), and A* is an isomorphism of 
Poisson algebras. Furthermore, the orbits of the flow of the Hamiltonian vector 
fields of = A*C°°(T) are precisely given by T := q{T fl Q). Since A is not 
surjective, this will be a nonregular foliation of W in general, and the image of 

p:W — >U -.^ WjT 

will not be a manifold. However, we can define C°°(t/) and an isomorphic subal- 
gebra of C°^{W) by 

On the other hand, Q = p^^{Q) also implies that £ = £("1^? and 01 = ^c°°{W){'^<^ 
5^) n^J = Dln^?, and thus, U can be identified with the image of the map q of H4.46|l . 
With H4.47I) (for U instead of Z), we get the commutative diagrams: 



|; |; (5.83) 



Lemma 5.16 Let K G C°°{W) he a Hamiltonian such that p^X^ = Xh for some 
Hamiltonian H G C°°{U). Then, K is admissible for Q iff H is admissible for Q. 
In this case, the reduced Hamiltonian K G C°°{W) is given as K = p*Hjj + A* J, 
where H — q*Hjj, and p*Hjj is precisely the reduction of p*H by Q. 

Proof: Lemma 11.161 gives us the decomposition K ~ p*H + A* J, where J G 
C°°(T). 91 = Dins' implies that p*H is admissible for Q iff -ff is admissible for Q. 
On the other hand, C 91 shows that every A* J G S'^ is admissible for Q. This 
implies the remaining assertions. □ 

Hence, we may think of the dynamics induced by if on g' as a "symplectic 
realization" of the reduced dynamics induced by H on *p. 
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Proposition 5.17 Let Q = p ^{Q) C W be a coisotropic constraint manifold as 
above such that there is a reduction {W,ili) ofW by Q as in 1^5. Then 

Iq, : g' = TQ\y/TY W 

is a coisotropic submanifold. There is a reduced manifold of W by Q' given by the 
Sternberg- Weinstein approximation ofW at q{Y), that is, by 

W' = TW^Y f^Y = T*Y , where Y:^q(Y)<zW 

is a Lagrangian submanifold, and the identification with T*Y is given by (d;''|j,y-)*. 
The projection defined by the characteristic foliation C of Q' is given by the map 
q' : Q' W naturally induced by Tq\Y. Furthermore, the restriction of local 
Gi-action of lemma \5.4\ to Q' projects to a local Gi-action on W' which is the 
Hamiltonian lift of the restricted projected action on Y . There is a natural bijection 
p' -.U' Q' /C of the orbit space U' with the set of leaves of the sub- characteristic 
distribution C of Q' . 

Proof: Since Q' — {p')^^{Q'), Q' is coisotropic. Furthermore, in local Darboux 
coordinates providing an identification W = W = T*Y, it is easy to see that 
kerw'lg, = TC\y/TY = kerq', and obviously, q'{Q') = TW\y/TY = W' , where 

Y — q{Y) is a Lagrangian submanifold as the reduced image of a Lagrangian 
submanifold of W. If A' : W qI exists, we see that there is an induced map 
A' : W^' — > 0L such that A'oi^, = X'oq'. Thus, every {X')*D, D e Ql yields a reduced 

Hamiltonian {X')*D on W' , and as in the proof of lemma ISTH this yields a local 
Gi -action which is given by the unique Hamiltonian lift of the action on Y , and 
at the same time the projection of the restricted Gi-action on Q' . However, this 
action will not be locally free if A' is not surjective. The last assertion follows from 
the commutativity of 1)5.83(1 : in fact, it means that there is a Sternberg- Weinstein 
approximated analogue of these diagrams. □ 

Corollary 5.18 The orbits of the restricted projected Gi-action on Y define a 
regular foliation of Y . Under the hypotheses of lemma \5. and vrovosition \5.1'd\ 

Y is a fiber bundle over X with homogeneous fibers diffeomorphic to C^\G, where 
G~ is the analytic subgroup of G defined by z <Z Q. The projected G-action in given 
by the natural right action of G on G~\G. 

Proof: Lemma l4.ll implies that TC and TC' are spanned at each point by the 
Hamiltonian vector fields of the functions s and {p')*s for all s S r{Ax), respec- 
tively. Since V ^ S' D U' C Q' and thus (Tg')|\^, C {TV')°, the Hamihonian 
vector field of s vanishes on X. Thus, that of {p')*s must be tangent the fibers of 
p' on Y. On the other hand, and as in the proof of lemma ISTH we see that the 
restriction to Y^ depends only on s{x) G {Ax)x for all x £ X and corresponds to an 
infinitesimal Lie algebra action of {Ax)x on Y^. Fixing a point y G {Ax)x, we get 
(local) isomorphisms G ^ Yx and a{y) : c = {Ax)x- Under these identifications, 
the fiber of C through y is locally given by the orbit of the local G~ -action obtained 
by integrating the infinitesimal c- action on G, that is, the natural left action, since 
c C corresponds to right invariant vector fields on G. Thus, the Gi -orbits in 

Y = Y/ (C n Y) are locally isomorphic to G^\G, and thus, the foliation is regular. 
Under the additional hypotheses, K is a fiber bundle over X with homogeneous 
fibers isomorphic to G^\G. □ 
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Proposition 5.19 Let H G C°°{U) such that dH\x = 6e admissible for Q, 
and K € C°°{W) such that dK\Y ~ and ps^Xx = Xh- Suppose that there is 
a reduction (W,uj) as in 1^5.8^) . Then, the reduction of the Hamiltonian defining 
the Einstein- Mayer system to K on W' is precisely the Hamiltonian K2 defining 
the Einstein- Mayer system to the reduced Hamiltonian K of K on W' . Under 
the usual non- degeneracy assumption, K'2 — , where k is a metric on Y, and 
we wrote k~^ for the section of S^{TY) defining k^~^. Furthermore, we have a 
decomposition 

k-' - ip'rr' + (A')*^\ (5.84) 

where l is a scalar product on g^. The function fj^^ G 01' is seen as a function on 
U' here. The term {p')*fi~^ corresponds to a Gi-invariant metric for the (local) 
Gi-action of lemma \5.4\ 

Proof: Proposition 15 . 51 yields a decomposition K2 = {p'YH'2 + (A')* or, under 
the non-degeneracy assumption, = + (A')*r^^. Applying lemma [5. 161 

in the Sternberg- Weinstein approximated situation, we obtain the decomposition 
(|5.84|) if we can show that the reduction of K2 is given by K2. But this follows 
easily from q*dK = i*~dK. The last assertion follows from proposition 15. 171 □ 

Together with the results on the reduced Sternberg- Weinstein approximation, 
this reproduces the main results of Kaluza-Klein-theory on bundles with homoge- 
nous fibers, in particular, the Reduction theorem (HE]- 
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